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j^ , scribe a natural closed subspace Tl^ i^{X , A; J) of the moduli space 37li^fc(X, A; J) of stable 
J-holomorphic genus-one maps such that dJl^ j. {X, A] J) contains all stable maps with smooth 
domains. If (P",a;, Jo) is the standard complex projective space, ^^^^(IP",^; Jo) is an irre- 

Cn ' ducible component of QJli fc(P",A; Jq). We also show that if an almost complex structure J 

^ ' ' 

~^ ' on P" is sufficiently close to Jo, the structure of the space OT^ j. (P" , A; J) is similar to that 

^D • of 971]^ ^.(P", A; Jo). This paper's compactness and structure theorems lead to new invariants 

^. , for some symplectic manifolds, which are generalized to arbitrary symplectic manifolds in a 

vp 

f^ I separate paper. Relatedly, the smaller moduH space Tlij,{X,A; J) is useful for computing the 

■^ ■ genus-one Gromov-Witten invariants, which arise from the larger moduli space Tli k{X,A; J). 
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1 Introduction 

1.1 Background and Motivation 

Gromov-Witten invariants of symplectic manifolds have been a subject of much research in the 
past decade, as they play a prominent role in both symplectic topology and theoretical physics. 
In order to define GW- invariants of a compact symplectic manifold {X,uj), one fixes an almost 
complex structure J on X, which is compatible with to or at least is tamed by uj. For each class 
A in H2{X;Z) and a pair (g, k) of nonnegative integers, let dJlg^kiX, A; J) be the moduli space of 
(equivalence classes of) stable J-holomorphic maps from genus-(7 Riemann surfaces with k marked 
points in the homology class A. The expected, or virtual, dimension of this moduli space is given by 

dimg^k{X,A) = dim"'^ mg,k{X,A;J) = 2{{ci{TX),A) + {n-3){l-g) + k), 

if the real dimension of X is 2n. While in general Tlg^kiX, A; J) is not a smooth manifold, or even 
a variety, of dimension dimg^kiX, A), it is shown in [PuOn], [LT], and in the algebraic case in [BeFa] 
that dJtg^k{X,A; J) determines a rational homology class of dimension dimgfc(X, ^). In turn, this 
virtual fundamental class of d}lg^k{X,A; J) is used to define GW- invariants of {X,lo). 

We denote by dXlP f^{X , A; J) the subspace of Tlg^k{X,A; J) consisting of the stable maps [C,u\ 
such that the domain C is a smooth Riemann surface. If (P",u;; Jq) is the n-dimensional complex 
projective space with the standard Kahler structure and i is the homology class of a complex line 

inP", 

is in fact a smooth orbifold of dimension dim.g^k{¥'^,di), at least for d> 2g—l. In addition, from 
the point of view of algebraic geometry, 9Jto,A;(P"'; t?) is an irreducible algebraic orbivariety of di- 
mension dimo^fc(P", di)/2. From the point of view of symplectic topology, 9Jto,A;(IP'"') d) is a compact 
topological orbifold stratified by smooth orbifolds of even dimensions and OJlj] ^(P", d) is the main 
stratum of Tlo^ki^"', d). In particular, QJTq ^(P", d) is a dense open subset of 9JTo,fc(P", d). 

If 5 ^ 1) none of these additional properties holds even for (P",a;, Jq). For example, the moduli 
space 97ti^fc(P", d) has many irreducible components of various dimensions. One of these components 
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Figure 1: The Domain of an Element of dJlf ^,(IP", d) 

contains VJll ^{F"',d); we denote this component by Tl^ ;.{¥"', d). In other words, dJlii^{F"',d) is the 
closure of dJl^ ^-(IP"', d) in Tli^k{^^, d). The remaining components of 9Jti^fc(P"', d) can be described 
as follows. If m is a positive integer, let S!Jt™^(P"', d) be the subset of 9Jti^fc(P", d) consisting of the 
stable maps [C,ii] such that C is an elliptic curve E with m rational components attached directly 
to E, u\e is constant, and the restriction of u to each rational component is non-constant. Figure 1 
shows the domain of an element of 9Jt'^ fcC^"' ^)' fro^^ the points of view of symplectic topology and 
of algebraic geometry. In the first diagram, each shaded disc represents a sphere; the integer next 
to each rational component Ci indicates the degree of u\ci- In the second diagram, the components 
of C are represented by curves, and the pair of integers next to each component Cj shows the genus 
of d and the degree of u\c^. We denote by ^fc(P",d) the closure of S!Jt^fc(P",d) in Mi,fc(P",d). 
The space 9Jt^^(P"',d) has a number of irreducible components. These components are indexed 
by the splittings of the degree d into m positive integers and by the distributions of the k marked 
points between the m+1 components of the domain. However, all of these components are algebraic 
orbivarieties of dimension, both expected and actual, 

dim™fe(P", di) = dimM"^(P", d) = 2(d(n+l) + k + n-m) 

= dimi,fc(P",d£) + 2(n-m). 

In particular, OJt'j' ^(P", d) is not dense in S!Jti^fc(P"', d). From the point of view of symplectic topol- 
ogy, 9Jti^fe(P",d) is a union of compact topological orbifolds and is stratified by smooth orbifolds 
of even dimensions. However, 9JTi^fc(P",(i) contains several main strata, and some of them are of 
dimension larger than dimi^fc(P",(i£). 

The above example shows that STt^ k^^^ d) is a true compactification of the moduli space Tl^ ^C^"' '^)' 
while 9Jti^fc(P", d) is simply a compact space containing 971^ fcC^"' '^)' albeit one with a nice obstruc- 
tion theory. One can view 9Jli^fc(P", d) as a geometric-genus compactification of OJt^ A;(^"' ^) ^^'^ ^^s 



subspace dJli ^(P",d) as an arithmetic-genus compactification. Since the beginning of the Gromov- 

Witten theory, it has been believed, or at least considered feasible, that an analogue of dJli ^(P", d) 
can be defined for every compact almost Kahler manifold {X,lo, J), positive genus g, and nonzero 
homology class A€H2{X;Z). In this paper, we show that this is indeed the case if g = l. 

We describe an analogue dJli ^.(X, A; J) of the subspace Tli ^(P"', d) of 9JTi^fc(P", d) for every compact 
almost Kahler manifold {X,uj,J) and homology class A £ H2{X]'L) as the subset of elements 
of 9JTi^fe(X, A; J) that satisfy one of two conditions. By Theorem 1.2, '^^ j.[X , A; J) is a closed 
subspace of 9Jti^fc(X, A; J) and thus is compact. This compactification of 9Jt5^(X, ^; J) satisfies 



the following desirable properties: 

(PI) naturality with respect to embeddings: if (Y, to,, J) is a compact submanifold of {X, to, J), then 

Tf^^,(Y,A;J)=Tf,^,{X,A;J)nmi,k{Y,A;J)cmi,k{X,A;jy, 

(P2) naturality with respect to forgetful maps: if A;> 1, the pre-image of 971^ ^_i{X, A; J) under the 
forgetful map 

isM?,,,(X,^;J); 

(P3) sharpness for regular {X,uj, J): if J satisfies the regularity conditions of Definition 1.4, then 
M? fe(X, A; J) is the closure of 971? ^(X, A; J) in Mi,fc(X, A; J). 

By (PI) and (P2), ^"^^(X, A; J), like Mi, ^(X,^; J), is a natural compactification of 9Jt? ;,(X,^; J). 
By (P3), dJti ^.(X, A; J), in contrast to 9Jti,fe(X, A; J), is a sharp compactification of OJt'j' j^{X, A; J), 

subject to the naturality conditions (PI) and (P2). The first two properties of 9JTi f.{X,A; J) are 
immediate from Definition 1.1. The last property is part of Corollary 1.5. It is well-known that the 
regularity conditions of Definition 1.4 are satisfied by the standard complex structure Jq on P", 
and thus the definition of ^i f.(P"' , di; Jq) given in Subsection 1.2 agrees with the description of 
Tti^j^{F"- , d) given above. 

Theorem 2.3 describes, under the regularity conditions of Definition 1.1, a neighborhood of ev- 
ery "interesting" stratum of dJti j^{X , A; J) , i.e. a stratum consisting of genus-one maps that are 
constant on the principal component. In addition to implying (P3), Theorem 2.3 shows that 

9Jlx k{X, A; J) carries a rational fundamental class and can be used to define Gromov-Witten style 
intersection numbers via pseudocycles, as in Chapter 5 of [McSa] or Section 1 of [RTl], whenever 
J is regular; see Subsection 1.3 below. As the regularity requirements of Definition 1.1 are open 
conditions on the space of w-tame almost complex structures J by Theorem 1.6, Theorem 2.3 also 
implies that the general topological structure of Tli /.{X , A; J) remains unchanged under small 
changes in J near a regular Jq. 

The results of this paper have already found a variety of applications: 

(Al) Wi f.{X,A; J) gives rise to new, reduced, genus-one GW- invariants of arbitrary symplectic 
manifolds ([Z6]); 

(A2) in contrast to the standard genus-one GW-invariants, the reduced invariants of a complete 
intersection and the ambient space are related as geometrically expected ([LZ],[Z7]); 

(A3) Theorem 2.3 is used in [VaZ] to construct a natural desingularization of dJti ^,(P", d) and thus 
a natural smooth compactification of the Hilbert scheme of smooth genus-one curves in P" 
for n>3; 

(A4) (Al)-(A3) are used in [Z8] to finally confirm the 1993 prediction of [BCOV] for genus-one 
GW-invariants of a quintic threefold; 
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Figure 2: A Condition on Limits in Genus Two 

(A5) (Al)-(A3), along with [Z9], have made it possible to compute (standard) genus-one GW- 
invariants of arbitrary complete intersections. 

If it is possible to define subspaces Tlgj^{X,A;J) of 9JTg^fc(X, yl; J) analogous to the space 
Til ki-^i ^1 J) for 5 > 2, their description is likely to be more complicated. The space dJl^ ki-^^ ^i J) 
contains all stable maps [C, u] in 9Jti^fc(X, A; J) such that the restriction of u to the principal compo- 
nent Cp is nonconstant or such that u\cp is constant and the restrictions to the rational components 
satisfy a certain fairly simple degeneracy condition; see Definition 1.1. Thus, in the genus-one case 
the elements in 9Jli^fc(X, A; J) are split into two classes, according to their restriction to the prin- 
cipal component. In the genus-two case, these classes would need to be split further. For example, 
suppose the domain of an element [C, u] of 9Jt2,fc(IF'") d) consists of three rational curves, Ci, C2, and 
C3, such that Ci and C2 share two nodes and C3 has a node in common with Ci and C2', see Figure 2. 
If u\ci and u\c.2 are constant, [C,u\ lies in the closure of 9Jl2^(P",(i) in 9Jt2,A;(IF'") c?) if and only if 
the branches of the curve u{C) = u{C3) corresponding to the two nodes of C3 form a generalized 
tacnode, i.e. either one of them is a cusp or the two branches have the same tangent line; see [Z2] 
for the n = 2 case. 

The author would like to thank J. Li for suggesting the problem of computing the genus-one 
GW-invariants of a quintic threefold, which led to the present paper. The author first learned of 
the arithmetic/geometric-genus compactification terminology in the context of stable maps from 
G. Tian a number of years ago. 

1.2 Compactness Theorem 

In this subsection, we describe the subspace Tli ^(X, A; J) of 97ti^fc(Ar, A; J); it is a closed subspace 
by Theorem 1.2. We specify what we mean by a regular almost structure J in Definitions 1.3 
and 1.4. If J is genus-one 74-regular, the moduli space 9Jt^ fc(Ar, A; J) has a regular structure, which 
is described by Theorem 2.3. Since the rather detailed statement of this theorem is notationally 
involved, we postpone stating it until after we introduce additional notation in Subsections 2.1 
and 2.2. In this subsection, we instead state Corollary 1.5, which describes the two most important 
consequences of Theorem 2.3. 



An element [C, u] of 9Jli^fc(X, A; J) is the equivalence class of a pair consisting of a prestable genus- 
one complex curve C and a J-holomorphic map u : C — > X. The prestable curve C is a union of 
the principal curve Cp, which is either a smooth torus or a circle of spheres, and trees of rational 




X(C,u) = {/li,/l4,/l5} 
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Figure 3: An Illustration of Definition 1.1 

bubble components, which together will be denoted by Cb- Let 

mf^l{X,A;J) = {[C,u]emi^k{X,A;J): u\cp is not constant} D 97t? ^(X,^; J). 

The space Tl\ 1{X, A; J) will be a subset of the moduli space OTt^ ki-X, A; J). 

Every bubble component Cj cC^ is a sphere and has a distinguished singular point, which will be 
called the attaching node of Cj. This is the node of Ci that lies either on Cp or on a bubble 
Cfi that lies between Ci and Cp. For example, if C is as shown in Figure 3, the attaching node of 
Chs is the node Ch^ shares with the torus. Since Ci is a sphere, we can represent every element of 
9Jli^fc(X, A] J) by a pair {C, u) such that the attaching node of every bubble component Ci cCb is 
the south pole, or the point cx) = (0,0, —1), of S'^ C M^. Let Coo = (1,0,0) be a nonzero tangent 
vector to S"^ at the south pole. Then the vector 

Vi{C,u) = d{u\c^}\^eoo G r„|^^(oo)X 

describes the differential of the J-holomorphic map u\ci at the attaching node. While this element 
of T^[^ (oQ-jX depends on the choice of a representative for an element of S!Jti^fc(X, A; J), the linear 
subspace C-'Di{C,u) of T,^\^ (^\X is determined by the equivalence class [C,u]. If ujc^ is not con- 
stant, the branch of the rational J-holomorphic curve u{Ci) C X corresponding to the attaching 
node of Ci has a cusp if and only if Pj(C, w) = 0. If 2?j(C, u) / 0, C-Vi{C,u) is the line tangent to 
the branch of u{Ci) C X corresponding to the attaching node of Ci. 

Suppose [C, u] G9Jti^fc(X, A; J)— 9Jt| /(^) ^j J)} i-e- u\cp is constant. In such a case, we will call the 
bubble sphere CidCs first-level (C,u)-effective if u|c. is not constant, but u\cf^ is constant 
for every bubble component ChCCp that lies between Ci and Cp. We denote by x(C,u) the set of 
first-level (C, u)-effective bubbles; see Figure 3. In this figure, as in Figures 1 and 2, we show the 
domain C of the stable map (C, u) and shade the components of the domain on which the map u 
is not constant. Note that u maps the attaching nodes of all elements of x(C, u) to the same point 
inX. 

Definition 1.1 If{X,uj,J) is a compact almost Kahler m,anifold, A£H2{X;7j)* , and k£Z~^, the 
main component of the space dJti^kiX , A; J) is the subset dJlu^lX , A; J) consisting of the elements 
[C,u] ofdJli^kiX,A;J) such that 

(a) u\cp is not constant, or 

(h) u\cp is constant and dirni^ Span (^£j'^{'Di{C.,u) : i^x{C--,u)} < \xiC,u)\. 



We now clarify this definition. We denote H2{X;Z) — {0} by H2{X;Z)* and the set of nonnegative 
integers by Z+. We call a triple {X,uj, J) an almost Kahler manifold if a; is a symplectic form 
on X and J is an almost complex structure on X, which is tamed by uj, i.e. 

ujiv,Jv)>0 yveTX-X. 

Definition 1.1 actually involves only the almost complex structure J, but one typically considers the 
moduli spaces ^g^kiX,A; J) only for a;-tamed almost complex structures J, for some symplectic 
form Lo; otherwise, Tlg^kiX,A; J) may not be compact. An element 

[C,u] eMi^kiX, A; J) -mf^liX, A; J) 

belongs to Tlij^{X, A; J) if and only if the branches of u{C) corresponding to the attaching nodes 
of the first-level effective bubbles of [C,u\ form a generalized tacnode. In the case of Figure 3, this 
means that either 

(a) for some i£ {hi, /14, /is}, the branch of n|cj at the attaching node of Cj has a cusp, or 

(b) for all i G {hi , /14, /15}, the branch of u\ci at the attaching node of Ci is smooth, but the 
dimension of the span of the three lines tangent to these branches is less than three. 

Theorem 1.2 If {X,uj) is a compact symplectic manifold, J_={Jt)te[o,i] ^-^ ^ C^ -continuous family 
of LO 'tamed almost complex structures on X, A&H2{X;7j)* , and /cGZ+, then the moduli space 



is compact. 



mi^kiX,A;J)= \Jmi^j,{X,A;Jt 

te[o,i] 



If {X, J) is an algebraic variety, the claim of Theorem 1.2, with Jt = J constant, is an immediate 
consequence of well-known results in algebraic geometry. In fact. Lemma 2.4.1 in [Va] can be used 
to generalize the statement of Theorem 1.2 to higher genera, provided {X, J) is a complex algebraic 
surface. 

If Ji = J is constant and genus-one A-regular in the sense of Definition 1.4 below. Theorem 1.2 
follows immediately from the first statement of Theorem 2.3. If Jt is genus-one ^-regular for all t, 
but not necessarily constant, Theorem 1.2 follows from the Gromov Compactness Theorem and 
Corollary 4.6. In Section 5, we combine the main ingredients of the proof of Theorem 2.3 with the 
local setting of [LT] to obtain Theorem 1.2 with Jt = J constant for an arbitrary almost Kahler 
manifold. The proof for a general family J is similar and is described in detail, in an even more 
general case, in Section 5 of [Z6]. 

If n: C — >X is a smooth map from a Riemann surface and A&H2{X;7j), we write 

u <uj A if n*[C]=A or (w, n*[C]) < (oj, yl). 

Definition 1.3 Suppose {X,lo,J) is a compact almost Kahler manifold and A^ H2{X]'L). The 
almost complex structure J is genus-zero A-regular if for every J -holomorphic map u: P^ — >X 
such that u<i^A, 

(a) the linearization Dju of the dj -operator at u is surjective; 

(b) for all z£F^, the map D}^: kevDj^u — >T^{z)X, D}^^(^) =^(z), is onto. 



Definition 1.4 Suppose {X,lo,J) is a compact almost Kahler m,anifold and AgH2{X;Z). The 
alm,ost com,plex structure J is genus-one A-regular if 
(a) J is genus-zero A-regular; 
(h) for every nonconstant J-holomorphic map u: F^ — >X such that u<^A, 

(h-i) for all zGP^ and veT^¥^ -{{)], the map ^^J^^: kerS)}„ — >T^(z)X, ^Xu'^0 = ^vt 

is onto; 
(h-ii) for a//zGPi and z' (^¥^ - {z} , the map D^;^': kerS},^ — >T^(z')X, '^'jfuiO = S,iz'), 
is onto, 
(c) for every smooth genus-one Riemann surface S and every non-constant J-holomorphic map 
u: S — >X such that u<^A, the linearization Dj^u of the dj-operator at u is surjective. 

In (b-i) of Definition 1.4, Vy^ denotes the covariant derivative of ^ along v, with respect to a 
connection V in TX. Since ^{z) = 0, the value of V^^ is in fact independent of the choice of V. If 
J is an integrable complex structure, the surjectivity statements of (a) and (b) in Definition 1.3 
and of (c) in Definition 1.4 can be written as 

H^{F^;u*TX)={0}, H'^{F^;u*TX(E)Opi{-l)) = {0}, and H^{T.;u*TX) = {0}, 

respectively. In the integrable case, the two surjectivity statements of (b) in Definition 1.4 are 
equivalent and can be written as 

H^{F'^;u*TX(^Opi{-2)) ={0}. 

It is well-known that the standard complex structure Jq on P" is genus-one d^-regular for every 
dsZ; see Corollaries 6.3 and 6.5 in [Z3], for example. 

If J is a genus-zero A-regular almost complex structure on X, the structure of the moduli space 
^o,kiX,A; J) is regular for every A; G Z+. In other words, dytQ^kiX,A; J) is stratified by smooth 
oriented orbifolds of even dimensions and the neighborhood of each stratum has the expected form. 
One of the results of this paper is that if J is genus-one A-regular, the structure of the moduli 
space 9Jli ^(X, A; J) is regular for every A;GZ+; see Theorem 2.3 and Subsection 4.1. In particular, 
we have 

Corollary 1.5 (of Theorem 2.3) Suppose {X,lv,J) is a compact almost Kahler manifold, 
A G H2{X;7j)* , and k G Z^ . If J is genus-one A-regular, then the closure of DJ]^ j^{X , A; J) in 

^i^k{X,A; J) is Tlii^{X , A; J) . Furthermore, dJl^ f.{X , A; J) has the general topological structure 
of a unidimensional algebraic orbivariety and thus carries a rational fundamental class. 

The first statement of Corollary 1.5 follows from the first claim of Theorem 2.3, along with standard 
gluing arguments such as in Chapter 5 of [McSa]; see also Subsection 4.1. The middle statement 
of Corollary 1.5 summarizes Theorem 2.3, while the last one is obtained at the end of Subsection 2.3. 

We will also show that the genus-zero and genus-one regularity properties are well-behaved under 
small perturbations: 

Theorem 1.6 Suppose {X,uj,J) is a compact almost Kahler manifold and A £ H2{X;'L)* . If 
gr = 0, 1 and the almost complex structure J is genus-g A-regular, then there exists Sj{A) £ M"*" 



with the property that if J is an almost complex structure on X such that ||J— J||^i <6j{A), then 
J is genus-g A-regular. Furthermore, if J is genus-one A-regular, k G Z"^, and J_= (^t)tgfo,ii is 
a continuous family of almost complex structures on X such that Jq = J and \\Jt — J\\c'^ ^ <^j(^) 
for all t G [0,1], then the moduli space Tl^ f.{X , A; J_) has the general topological structure of a 
unidimensional algebraic orbivariety with boundary and 

dTf,k{X,A;J)=Tf,k{X,A;J,)-Tf,JX,A;Jo). 



The norms ||^— ^||ci ^^^ \\Jt—J\\c^ ^^^ computed using a fixed connection in the vector bundle TX, 
e.g. the Levi-Civita connection of the metric on X determined by (w, J). The regularity claims of 
Theorem 1.6 follow from the compactness of the moduli spaces 9Jtg^fc(X, A; J) and Corollaries 3.2, 
3.6, 3.7, 4.2, and 4.5. The final claim of Theorem 1.6 follows from a family version of Theorem 2.3. 
It can in fact be used to show that under the assumptions of Theorem 1.6 

Tf,^,{X,A;J) « [0,1] xM;,fc(X,A; Jo). 

The conclusion, as stated, can be obtained with weaker regularity assumptions on J. 

The key ingredients in the proofs of Theorems 1.6 and 2.3 are the gluing constructions of [Z4], 
adapted to the present situation, and the power series expansions of Theorem 2.8 and Subsection 4.1 
in [Z3], applied via a technical result of [FlHSa]. The power series of [Z3] give estimates on the 
behavior of derivatives of holomorphic maps under gluing and on the obstructions to smoothing 
holomorphic maps from singular domains. The technical result of [FlHSa] shows that locally a 
J-holomorphic map is very close to a holomorphic one. 

1.3 Some Geometric Implications 

Theorem 1.2 implies that under certain assumptions on A and J the number of genus-one degree- 
A J-holomorphic curves that pass through a collection of cycles in X of the appropriate total 
codimension is finite. Furthermore, each such curve is isolated to first order, as explained below. 
Throughout this subsection, we assume that the dimension of X is 2n > 4. 

A simple J-holomorphic map into X is a J-holomorphic map u : T, — > X such that u is one- 
to-one outside of finitely many points of S and the irreducible components of S on which u is 
constant. A genus-^i degree-^ J-holomorphic curve C is the image n(S) of an element [S,ii] 
of 9Jtg^fc(X, A; J) such that n is simple and the total genus of the components on which u is not 
constant is g. Let Aig{X,A;J) be the space of all genus-g degree- vl J-holomorphic curves in X. 
The expected dimension of this space is dimg^olX, A). 

A J-holomorphic curve C C X will be called regular if the operator Dj^u is surjective for a (or 
equivalently, every) stable-map parametrization u : S — > C of C as above. We will call a regular 
curve C CX essentially embedded if C is an irreducible curve that has no singularities if n>3 
and its only singularities are simple nodes if n = 2. In other words, if n : S — > C is a parametrization 



of C with k = 0, then S is a smooth Riemann surface of genus g. Furthermore, if n > 3, u is an 
embedding. If n = 2, then 

dime Span£.{lm(iu|z: zGu^ (q)} = \u^ {q)\ yq&X. 
In particular, u is an immersion. 

Let n = {fii, . . . ,/ifc) be a /c-tuple of cycles in X of total (real) codimension diuigfi^X, A)+2k, i.e. 

l=k 
codim// = V^codim^; = diin.gfi{X,A)+2k = diTLng^k{X,A). 
1=1 

We denote by Aig{X, A; J, n) the set of genus-(7 degree-A J-holomorphic curves that pass through 
every cycle fii,...,Hk, i.e.: 

Mg{X,A;J,fi) = {CeMg{X,A;J):Cnfii^^yie[k]}, 
where [k] = {l, . . . , A;}. 

We will call an element C of A^g(X,^; J, yu) isolated to first order if for every parametrization 

n:S — >CcX 

of C, where S is a curve with k marked points yi, . . . ,yk such that u{yi) £ ni for all / G [fc], 

$,{z) £lindu\z y zGT, s.t. du\z ^ and 

^GkerDj^u s.t. S,{yi) £Tu(^y^)|J.l + lmdu\y^ yi£[k]. 

liMg{X, A; J) is a smooth manifold with the expected tangent bundle and the constraints fii, . . . , fj,k 
are in general position, then Aig{X,A; J, /j,) is a discreet set consisting of elements isolated to first 
order. Below we describe some circumstances under which this set is also finite. 

We recall that A£H2{X;Z) is called spherical if 

A = f4S^]eH2{x-z) 

for some smooth map /: S'^ — >X. A symplectic manifold (XjUj) is weakly monotone if for every 
spherical homology class A such that a-'(^)>0, either 

{ci{TX),A) > or {ci{TX),A) <2-n, 

where 2n = dimX, as before. In particular, all symplectic manifolds of (real) dimensions 2, 4, 
and 6 are weakly monotone. So are all complex projective spaces, which are in fact monotone; see 
Chapter 5 in [McSa] for a definition. 

Finally, if (X,uj) is a symplectic manifold, we denote by ^{X^io) the space of all almost complex 
structures on X tamed by to, endowed with the C^-topology. 

Proposition 1.7 Suppose {X,lo, J) is a compact almost Kahler m,anifold, A£H2{X;Z)* , g = 0, 1, 
and J is genus-g A-regular. If fi is a k-tuple of cycles in X of total codimension dimg^fc(X, ^) 
in general position, then Mg{X,A;J,iJ,) is a finite set and every element in Mg{X,A; J, fi) is 
irreducible, regular, and isolated to first order. 
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Proposition 1.8 If{X,uj) is a compact weakly monotone symplectic manifold and A&H2{X;Z)* , 
there exists a dense open subset J'T-cg{X,uj;A) of J'{X,uj) with the following properties. If J G 
J'TcgiX,uj;A), g = 0,1, and fi is a k-tuple of cycles in X of total codimension diicng^kiX,A) in 
general position, then every element in Mg{X,A; J, /i) is essentially embedded and isolated to first 
order. If in addition (^ci{TX), A) /O, then M-g{X, A; J, /x) is a finite set and its signed cardinality 
is independent of the choice of J GJrcg{X,uj;A). 

Most of the genus-zero statements of these two propositions are well-known results; see Chapters 
5-7 of [McSa], for example. The signed cardinality of the set Mq{X,A; J, fi) is the corresponding 
Gromov-Witten invariant, GWo,a;(^; A*), of {X,uj). 

The remaining statements are obtained from minor extensions of some results in [McSa], along 
with Theorem 1.2 in the genus-one case. For each ^G [A;], let 

evi:Tlg^kiX,A;J) — > X, [T.,yi, . . . ,yk;u] — > u{yi), 

be the evaluation map for the Ith. marked point. 

Suppose {X,uj, J) and A are as in the statement of Proposition 1.7 and J is genus-one 74-regular. 
By (c) of Definition 1.4, the moduli space dJt^ f^{X , A; J) is a smooth orbifold with the expected 
tangent bundle. Thus, if ;U is a tuple of constraints as in the g = l case of Proposition 1.7, then 

mlk{X,A;J,fi) = {bemlk{X,A;J):eYi{b)efiiyie[k]} 

is a zero-dimensional oriented submanifold. If {6r} is a sequence of distinct elements in dJl^ ki-^^ ^i '^' A*)' 
by Theorem 1.2 a subsequence of {6,} must converge to an element 

6GM?^fe(X,A; J,/i) ={6GM?^fe(X,^;J):ev,(5)G/ii V/G[A;]} 

cmi,k{X,A;J). 

Since all elements of Tl^ ki-^^ ^] J, fJ-) are isolated, 

bem%{X,A;J,fi)-Tll,{X,A;J). 
On the other hand, by the regularity assumptions of Definition 1.4, 

dTf,^,{X,A; J) ^ Tf,^k{X,A; J) - m%{X,A; J) 

is a union of strata of dimensions smaller than dimi^kiX, A). Thus, if /x is a tuple of cycles of total 
codimension dinii k{X,A) in general position, then 



W;^,{X,A;.J,fi)-Tti^k{X,A;J) = ^. 
It follows that 9Jl5 fc(^; ^) Jj A*) is a finite set, and so is its subset Mi{X, A; J, /i). 

We next move to Proposition 1.8. For any B&H2{X;Z)*, almost complex structure J on X, and 
geZ+, let 

9Kj7(X,i?;J) C Tll,{X,B;J), 

9Kj^fP^(X,i?;J)c ml°l{X,B;J), and 

Trg^''{X,B;J) C mg,k{X,B;J) 
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denote the subspaces of simple maps. By Chapter 3 in [McSa], for a generic choice of J, Dj^u is 
surjective for every element [S,u] of 9Jt^™^(X, ^; J). Thus, as before, 

Mi{X, A- J, ^) « 9JTf7(X, A- J, /i) = 9JT?,fc(X, A; J, /i) n 97tf7(X, ^; J) 

is a zero-dimensional oriented manifold, if ^ is as in Proposition 1.8. On the other hand, by the 
same argument as in Chapter 6 of [McSa], the evaluation map 

evfc+i X evfc+2 : 5Jf/fcP2(^' A-J)^XxX 

is transverse to the diagonal, for a generic choice of J. Let 

Lfc+i^9Jlf7(X,A;J) 

be the universal tangent line bundle for the last marked point, i.e. 

^fc+il[E,«] =T,,+,S V[S,u] G<;P,(X,^;J). 
By a small modification of the proof of Lemma 6.1.2 in [McSa], the bundle section 

du\y^^^ : 9Jt''JP(X,^; J) — > Ll^^(g)evl^iTX, [S,u] — > du\y^^^, 

is transverse to the zero set, for a generic choice of J. The key part of this modification is to view 
the relevant first-order equation as an elliptic operator acting on the space of smooth sections of 
the vector bundle nOpi(l) over S'^. The last two transversality properties imply that for a generic 
element [S, u] of 971}''^^ (X, A; J) its image u(S) is essentially embedded. This concludes the proof 
of the first statement of Proposition 1.8. 



By Chapters 3 and 6 in [McSa], for a generic choice of J, Dj^^ is surjective for every element [T,,u] 

of dJl^^'i^^ {X,B;J). In particular, 971^''^™^ (X, i?; J) is a finite union of smooth orbifolds of the 
expected dimension. Thus, if ;U is a tuple of constraints as in the statement of Proposition 1.8, 

{b£Tlf^''\x,A;J):eyiib)£fiiyi£[k]}-Tllk{X,A;J)=9. 

Furthermore, if {ci(TX),A)^0, every element of 

Mi4X,A;J,fi)={b£mi^kiX,A;J):eviib)£fiiyie[k]} 

is simple. This can be seen by considering the dimension of the image of the multiply covered ele- 
ments of Tli^kiX, A; J) under the evaluation map evi x . . . xev^. This is done by passing to moduli 
spaces of maps consisting of simple elements; see Chapter 5 of [McSa]. The argument requires two 
separate dimension counts for multiply covered maps: one for the elements in 9Jl| ^ {X, A; J) and the 
other for those in its complement in Tli^k{X, A; J). In addition to the assumption {ci{TX),A)j^O, 
the weakly monotone condition on {X,uj) enters directly into both dimension computations. Fi- 
nally, by the same modification of the proof of Lemma 6.1.2 in [McSa] as described above, but 
applied to tuples of genus-zero maps instead of genus-one maps, 

mf^''{X,A;J) n {m%{X,A;J)-m\'^l{X,A;J)) 
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is a finite union of smootli orbifolds of dimensions less than dinii^fc(X, A). We conclude that 
Mi{X, A; J, fi) « 9Jtf7(X, A; J, fi) = M?,,,(X, A; J, fi) 

is a compact zero-dimensional manifold. By a cobordism argument as in Chapter 7 of [McSa], the 
signed cardinality of Mi{X, A; J, /i) is independent of a generic choice of J. 

The signed cardinality GW5fc(^;/u) of the set Mi^k{X,A; J, fi) is an integer-valued invariant of 
the symplectic manifold {X,uj). The difference between this invariant for an arbitrary symplectic 
manifold (when the invariant may not be an integer) and the standard genus-one GW-invariant is 
specified by Proposition 3.1 in [Z6] and explicitly given by Theorems lA and IB in [Z9]. 

2 Preliminaries 

2.1 Notation: Genus-Zero Maps 

We now describe our notation for bubble maps from genus-zero Riemann surfaces, for the spaces of 
such bubble maps that form the standard stratifications of the moduli spaces of stable maps, and 
for important vector bundles over them. In general, the moduli spaces of stable maps can stratified 
by the dual graph. However, in the present situation, it is more convenient to make use of linearly 
ordered sets: 

Definition 2.1 (1) A finite nonempty partially ordered set I is a linearly ordered set if for 
all ii,i2,h&I such that ii,i2<h, either ii<i2 or i2<ii. 

(2) A linearly ordered set I is a rooted tree if I has a unique minimal element, i.e. there exists 
€ / such that 0<i for all i£l. 

We use rooted trees to stratify the moduli space dJlQ^{QyijM{X,A; J) of genus-zero stable holomor- 
phic maps with marked points indexed by the set {0}UM, where M is a finite set. 

If / is a linearly ordered set, let / be the subset of the non-minimal elements of /. For every h£l, 
denote by ^^G/ the largest element of / which is smaller than h, i.e. i/i = max|iG/ : i</i}. 

We identify C with S"^ — {oo} via the stereographic projection mapping the origin in C to the 
north pole, or the point (0,0,1), in S'^. A genus-zero X-valued bubble map with M-marked 
points is a tuple 

b= {M,r,x,{j,y),u), 

where / is a rooted tree, and 

x:i — >C = S^-{oo}, j:M — >I, y: M — >C, and u: I — >C^{S^;X) (2.1) 

are maps such that Uh{oo) = u^^{xh) for all /iG/. We associate such a tuple with Riemann surface 

^b=(\_\^b,i) / ^, where T.i,^i = {i}xS'^ and (/i, oo) ~ (i/,, x/,) V/iG/, (2.2) 

with marked points 

yi{b) = {JhVl) G ^b,ji and yo(^) = (6, oo) G S^ g 
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and with the continuous map Ub'- Sfo — >X, given by Ufe|Ef,i='Ui for all iGl. The general structure 
of bubble maps is described by tuples T={M, I;j,A), where 

We call such tuples bubble types. Let Ur{X; J) denote the subset of TIo^!^qjum{X,A; J) consisting 
of stable maps [C, u] such that 

[C;u\ = [(S6,(6,oo),(j/,yi)/gM);^tb], 

for some bubble map b of type T as above, where is the minimal element of /; see Section 2 
in [Z4] for details. For /g{0}UM, let 

eYi:UT{X;J)^X 

be the evaluation map corresponding to the marked point yi. 

We denote the bundle of gluing parameters, or of smoothings at the nodes, over U-riX; J) by J^T . 
This orbi-bundle has the form 

TT= (0L^,o^^ft,i)/Aut(r), 

hei 

for certain line orbi-bundles L^fi and Lh^i. These line bundles are the line bundles associated 
to certain S'^-principal bundles. More precisely, there exists a subspace Uq- {X; J) of the space 
7iq-{X; J) of J-holomorphic maps into X of type T, not of equivalence classes of such maps, 
such that 

Ur{X-J) =uP{X;J)/Aut{T)oc{S^y. 

The line bundles Lh^ and L/j^i arise from this quotient; see Subsection 2.5 in [Z4]. In particular, 

J^T = :FT/Aut{T)oc{S^y, where FT = uP {X;J)xd — >uP{X;J). 

We denote by J^T and ^T^ the subsets of J-T and J-T , respectively, consisting of the elements 
with all components nonzero. 

The subset Uq- {X] J) of TiriX; J) is described by the conditions (Bl) and (B2) in Subsection 2.5 
of [Z4]. It is the preimage of the point (0, 1/2) in (CxM) under the continuous map 

^r = (^r,i)ie/ : Wr (^; J) -^ (C x R)' 

defined in the proof of Proposition 3.3 in [Z4]. The statements of the conditions (Bl) and (B2) and 
the definition of the map ^j- require a choice of a J-compatible metric gx- It can be assumed that 



/ \du\l^ > 1 



for every non-constant J-holomorphic maps u: P^ — >X. Such a metric gx will be fixed once and 
for all. If the almost complex structure J is genus-zero A-regular, where A = '^j^^jAi, the space 
'Hq-{X]J) is a smooth manifold of the expected dimension; see Chapter 3 in [McSa]. In such a 
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Figure 4: Some Enhanced Linearly Ordered Sets 

case, the map ^j- is smooth and transversal to every point (0,rj)jg/ such that |rj— 2I < 4 for all 
i£l] see the proof of Proposition 3.3 in [Z4]. Let 

x(T) = {i£l:A^O; Ah = Oyh<i}- (2.3) 

rf = UP{X; J)xd-^uP{X; J). 

^ 

As before, we denote by TT the subset of TT consisting of the elements with all components 

nonzero. 

2.2 Notation: Genus-One Maps 

We next set up analogous notation for maps from genus-one Riemann surfaces. In this case, we 
also need to specify the structure of the principal component. Thus, we index the strata of the 
moduli space ^i^m{X,A;J) by enhanced linearly ordered sets: 

Definition 2.2 An enhanced linearly ordered set is a pair (/, H), where I is a linearly or- 
dered set, 'ii is a subset of IqX Iq, and Iq is the subset of minimal elements of I, such that if 

|/o|>l, 

^ = {(n,^2),(«2,«3),---,(«n-l,in),(«n,n)} 

for some bijection i: {1, . . . , n} — >Io. 

An enhanced linearly ordered set can be represented by an oriented connected graph. In Figure 4, 
the dots denote the elements of /. The arrows outside the loop, if there are any, specify the partial 
ordering of the linearly ordered set /. In fact, every directed edge outside of the loop connects a 
non-minimal element h of I with th. Inside of the loop, there is a directed edge from ii to ^2 if and 
only if (ii,i2)G^^- 

The subset H of /q x Iq will be used to describe the structure of the principal curve of the domain 
of stable maps in a stratum of the moduli space TIi^m{X,A; J). If ^!; = 0, and thus |/o| = 1, the 
corresponding principal curve S^ is a smooth torus, with some complex structure. If H ^ 0, the 
principal components form a circle of spheres: 

Sh = ( |J{«}xS'2') / ~, where (ii,oo) ~ (z2, 0) if (n,i2)G^^- 

ielo 
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A genus-one X-valued bubble map with M-marked points is a tuple 

b={M,I,i<;S,x,{j,y),u), 

where 5" is a smooth Riemann surface of genus one if H = and the circle of spheres S^ otherwise. 
The objects x, j, y, n, and (Sb,iife) are as in (2.1) and (2.2), except the sphere S^g is replaced 

by the genus-one curve St^^ = S. Furthermore, if H = 0, and thus Iq = {0} is a single-element set, 
Uq G C'^{S; X) and yi£ S ii ji = 0. In the genus-one case, the general structure of bubble maps is 
encoded by the tuples of the form T= (M, /, 'ii;j,A). Similarly to the genus-zero case, we denote 
by Ur{X; J) the subset of 9JTi^Af (X, A; J) consisting of stable maps [C, u] such that 

[C;u] = [{^b,{ji,yi)i(zM);ub], 
for some bubble map b of type T as above. 



2.4) 



If T = {M, I, H; i, :A) is a bubble type as above, let 

Ii = {hei:Lh£lo}, Mo = {leM:jieIo}, and 
To= (MoU/i,/o,H;i|MoUi|/i,A|7j, 

where Iq is the subset of minimal elements of /. For each h£li, we put 

Ih = {i^I-h<i}, Mh = {leM:JieIh], and % = {MhJh]JW:A\ln)- (2-5) 

We have a natural isomorphism 



(2.6) 



Ur{X; J) « ({ (6o, {hh)h^i,) <^UrAX; J) x \{UrSX; J) : 

hah 

evo(6/^) = ev,,(6o)V/iG/i})/Aut*(r), 

where the group Aut*(T) is defined by 

Aut*(r) = Aut(r)/{5G Aut(r): 5 • h = h V/iG/i}. 

This decomposition is illustrated in Figure 5. In this figure, we represent an entire stratum of 
bubble maps by the domain of the stable maps in that stratum. The right-hand side of Figure 5 
represents the subset of the cartesian product of the three spaces of bubble maps, corresponding 
to the three drawings, on which the appropriate evaluation maps agree pairwise, as indicated by 
the dotted lines and defined in (2.6). 

Let J-T — >U']-{X;J) be the bundle of gluing parameters, or of smoothings at the nodes. This 
orbi-bundle has the form 

{h,'i)eH h&i 

for certain line orbi-bundles L^q and L^^i- Similarly to the genus-zero case, 

Ur{X-J)=uP{X-J)/Avii{T)o^{Sy, where (2.7) 

U^iX-J) = {(feo,(&/.)?»e/i)G^^7i,(X; J)x J]^/g)(X; J): evo(6/.) = ev,J6o) V/iG/i} (2.8) 

heh 
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Figure 5: An Example of the Decomposition (2.6) 

and Uj- {X; J) is the subspace of the moduH space of holomorphic maps from genus-zero curves as 
in Subsection 2.1. The Une bundles L^fi a-i^d Lh,i arise from the quotient (2.7). More precisely, 



TT 



where 



(0), 



J^iT = U^'{X;J)x 



^r/Ant{T)oc{Sy, 

heh 
and .^T^T and j^^T are the pullbacks by the projection map 



Tr = ^i^TQ^oTQ^iT — >u!f\X; J), 



-i-h 



7rp:U^\X;J) 



of the universal tangent line L^Tq at the /ith marked point and of the bundle J-Tq of gluing parame- 
ters. In other words, if it?^ — >hlTi^{X; J) is the semi-universal family, i.e. the fiber at bo^Uqi^^X; J) 
is the Riemann surface Sfe„ = S;,(, j^, L^Tq is the vertical tangent space at the point Xh{bo) of St,,. 

Remark 1: The above description is slightly inaccurate. In order to insure the existence of the 
space itro, with the fibers as described, we need to replace the space Uto{X; J) by a finite cover, 
analogous to the one used in [RT2]. However, correcting this inaccuracy would complicate the 
notation used even further, but would have no effect on the analysis, and thus we ignore it. 



Remark 2: The rank of the bundle J-Tq is |K|, the number of nodes in the domain of every element 
of V(ti^{X; J). If K 7^ 0, J-Tq can be written as the quotient of the trivial bundle of rank |H|, over 
a space Uj- {X; J), by an Aut(7o) oc (5^) -action in a manner similar to the previous subsection 
and to Section 2 of [Z4]. With the above identifications, the singular points of every rational com- 
ponent Sj of Sf^ are the points and oo in S*^. Thus, the equivalence class of the restriction of a 
stable map in UToiX; J) to Sj, with its nodes, has a C*-family of representatives. This family is cut 
down to an S'^-family by restricting to the subset defined by the condition (B2) of Subsection 2.5 
in [Z4]. This is the preimage of 1/2 under the last, real- valued, component of the function ^T,i* 
defined in (2) of the proof of Proposition 3.3 in [Z4]. 

If T= (M, /, i^;j,A) is a bubble type such that Ai = for all minimal elements i of /, i.e. 
Ur{X; J) C mi,M{X, A; J) - mf^l^{X, A; J), where A = ^Ai, 

it is again useful to define a thickening of the set Uj- {X; J). Thus, we put 



Z:/f (X; J) = {(6o,(fc;^)/.e/i)e^r„(^; J)xn^/^|;^(X; J): evo(6ft)=ev,J6o) V/iG/i}, 



(2.9) 
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where the space Uj- {X; J) is as in Subsection 2.1. Let 

rf = F^®^®^ — >UP{X; J), where 

heh 

and TTp : Uj- {X; J) — >Uto{X; J) is the projection map. As before, we denote by J^T the subset 
of J-'T consisting of the elements with all components nonzero. 

Suppose T={M, I,'R;j,A) is a bubble type as in the previous paragraph. Since every holomorphic 
map in the zero homology class is constant, the decomposition (2.6) is equivalent to 



Ur{X; J) « iUT.ipt) X UfiX; J) Aut*{T) 

- \\ (2.10) 



where A;o = |-Mo| + |/i|, Mi^ko is the moduli space of genus-one curves with ko marked points, and 

Uf{X;J) = {{bh)heh^lpr,{X;J):eYo{bh,) = eYo{bh,) V/ii, /12 G/i}. 

heh 

Similarly, (2.9) is equivalent to 

U!j^^ (X; J) « Ur, (pt) X u!^^ (X; J) C ATi,^,, x u!^^ {X; J), where (2.11) 

uf{X-J) = {{hh)hei,<^\{U^^^{X-J):eMK) = ^MK) ^h^M^h]- (2.12) 

heh 

We denote by 

T^p:Ur{X- J) -^ 7Wi,,.„/Aut*(r), ^p:UP{X; J) -^ ATi,fc„, 

and evp:Ur{X; J), u!^\X; J) — >X 

the projections onto the first component in the decompositions (2.10) and (2.11) and the map 
sending each element [C, u] of L(t{X; J), or (C, u) of Uj- {X; J), to the image of the principal com- 
ponent Cp of C, i.e. the point u{Cp) in X. 

Let E — ^J^i,ko denote the Hodge line bundle, i.e. the line bundle of holomorphic differentials. For 
each i£x(,'^)j we define the bundle map 

Vj^i : J^hii)'^ — ^ TTpE* ev*pTX, where h{i) = min{/i G / : h<i} G /i , 



oveiUPiX-J) by 



{^J,i(^^)}(^) = i^xf,(,)(b){v) -J T>,ib G T^^p(b)X if 
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and x/i(j)(6) G Sf,^^ is the node joining the bubble ^^^/^(j) of b to the principal component S^^^ of S;,. 
For each vGJ^T, we put 

p(i;) = (6, (pi(t;))ig^(r))G 0^h(i)T, where pj(w)= JJvfe G ^/i{i)T, if 

«ex(^) hei,h<i 



V- 



7/(0) 



(6;t;H,K),g/), b€U!^>{X;J), (6,i;h) G^kT, (6,^/,) G^/^T if /iG/i, ^,gC if iG/-/i. 



These definitions are illustrated in Figure 6. While the restrictions of these bundle maps to 
Uj- {X; J)c Uq- {X; J) do not necessarily descend to the vector bundle J^T over Ur{X; J) , the map 

Vr:TT — > 7r>E* ® e\*pT X / KvA* {T) , Vr{v) = ^Vj^ipi{v), 

is well-defined. 

Finally, if T is any bubble type, for genus-zero or genus-one maps, and i^ is a subset oihlT-{X; J), 
we denote by K^^' and ^(^j \^\^q preimages of K under the quotient projection maps 

UP{X]J) — >Ur{X]J) and uP{X;J) >Ut{X;J), 

respectively. All vector orbi-bundles we encounter will be assumed to be normed. Some will 
come with natural norms; for others, we choose a norm, sometimes implicitly, once and for all. If 
VTg^: ^ — >X is a normed vector bundle and 6: X — >M is any function, possibly constant, let 

?5 = {v&d- \v\<6{TT:g{v))]. 

If Q is any subset of ^, we take f]^ = n 5^^. 

2.3 Boundary Structure Theorem 

In this subsection, we formulate Theorem 2.3, which states that an element 

b £ Mi,fc(X, A; J) - Tlf^liX, A; J) 

lies in the stable-map closure of the space dJl^f^{X,A; J) of genus-one J-holomorphic maps from 

smooth domains if and only if b lies in 9Jt^ ki-^^ ^i '^)) provided the almost complex structure J is 
sufficiently regular. In addition. Theorem 2.3 describes a neighborhood of every stratum of 

Tf,^,{X,A;J)-mfl{X,A;J) 

in TlikiX, A; J). If fcGZ+, we denote by [k] the set {1, . . . , A;}. 

Theorem 2.3 Suppose {X,lo,J) is a compact almost Kahler m.anifold and A€ H2{X;Z)* . If the 
regularity conditions (a) and (b-i) of Definition I.4 are satisfied andT={[k],I,'ii;j,A) is a bubble 
type such that J^iGi^"^ ~ ^ ^^'^ ^i = for all minimal elements i of I, then the intersection of the 
closure of Tl^ j^{X , A; J) indJti^k{X,A; J) withUriX^J) is the set 

Ur;i{X;J) = {[b]eUr{X;J): A\mcSpan^c^j^{Vib: iex{T)] <\x{T)\]. 
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"tacnode' 



X(T) = {/ii, /i4, h^}, p{v) = (w/i, , W/13W/14, U/13U/15) 

w/iiGTa:^,Sp-{0}, 'y/i3era;fc3Sp-{0}; 



Figure 6: An Illustration of Theorem 2.3 



Furthermore, the space 

jriq-^ = {[y] = [5, y] e ^r® : Vr{v) = 0} 

is a smooth oriented suborbifold of TT . Finally, there exist 5 ^C{plq-{X;J);W^), an open neigh- 
borhood Uq- ofU'r{X;J) in Xi^k{X,A), and an orientation-preserving diff'eomorphism 

4>: T^rf -^ 9Jl?,fc(X, A- J) n Ur, 
which extends to a homeomorphism 

where T^T is the closure of T^T^ in TT . 

We now clarify the statement of Theorem 2.3 and illustrate it using Figure 6. As before, the 
shaded discs represent the components of the domain on which every stable map [6] in Ur{X\ J) 
is non-constant. A stable map 

[C,u] £ Ur{X- J) C Mi,fc(X, A; J) - Tlfl{X,A- J), 

is in the stable-map closure of ^^ j^{X , A; J) if and only if [C,m] satisfies condition (b) of Defini- 
tion 1.1. 

Standard arguments show that the regularity condition (a) of Definition 1.4 implies that the space 
Uq- {X; J) is a smooth manifold, while 1Jt-{X; J) is a smooth orbifold; see Chapter 3 in [McSa], for 
example. Thus, the total space of the bundle J^T^ is also a smooth orbifold. The second claim of 
Theorem 2.3 is immediate from the transversality of the bundle map 

Vr: T7^ -^ 7rJ>E* ® ev|>rx/Aut*(r), Vr{v) = ^ Vj,ipi{v), 

to the zero set. In turn, this transversality property is an immediate consequence of the regularity 
conditions (a) and (b-i) of Definition 1.4. 

The middle claim of Theorem 2.3 is needed to make sense of the remaining statement. This final 
claim, proved in Section 6, describes a normal neighborhood of U-j--i(X;J) in dJti j^{X , A; J) and 
implies the first statement of Theorem 2.3. 
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Remark: The regularity assumptions on J used in Theorem 2.3 do not guarantee that the entire 
space 9K5^(X, ^; J) is smooth. However, the proof of Theorem 1.6 imphes that dJi^ j^(X , A; J) is 

smooth near each stratum l/(r-i{X; J) of Tli f.{X , A; J) . This can be seen from the J = J case 
of Corohary 4.5 and standard Imphcit Function Theorem arguments such as those in Chapter 3 
of [McSa]. 

Proof of Corollary 1.5: It remains to construct a fundamental class for 9Jt;^ fe(^, A] J)- Theorem 2.3 

describes a neighborhood in 9Jt]^ ki-^^ ^' •^) °f every stratum fUT^^ fc(^) ^j J) riUq-{X; J) for a bubble 
type T = (M, /, H; j, A) such that ^j = for all minimal elements i G /. If T is a bubble type such 
that Ai^O for some minimal element i£l, a neighborhood of 

Tf^^kiX, A; J) nUriX; J) =Ut{X;J) 

in dytif.{X,A;J) is homeomorphic to a neighborhood oi Uq-iX; J) in the corresponding bundle 
of gluing parameters J-T, as can be seen from Subsection 4.1 and the continuity arguments of 
Subsections 3.9 and 4.1 in [Z4]. It follows that there exist arbitrary small neighborhoods U of 

dTf,^,{X,A;J) ^ Tf,^k{X,A; J) - m%{X,A; J) 

such that 

Hi{U;Q) = {0} V A; > 2{{ci{TX),A) + k) - 1. 

Since the moduli space DJl^ j^{X, A; J) is a smooth oriented orbifold, 

dimRmlf,{X,A;J) = 2{{ci{TX),A) + k), 

and the complement of U in OJt^ j^{X, A; J) is compact, Tl^ j^{X, A; J) determines a class 

p?,fc(X,A; J)] G H2ac,(TX),A)+k){Tfi4X,A;J),U;q) 

~ H2{{ci{TX),A)+k) {'^i,k{X, A; J); Q), 
as claimed. The isomorphism between the two homology groups is induced by inclusion. 

3 A Genus-Zero Gluing Procedure 

3.1 The Genus-Zero Regularity Properties 

In this subsection, we prove the g = case of the first claim of Theorem 1.6. It follows from 
Corollary 3.2 and the compactness of the moduli space 97to,i(-^)^J J)- Corollary 3.2 is obtained 
by a rather straightforward argument via the analytic part of [LT]. Throughout this subsection, 
we assume that J is a genus-zero ^-regular almost complex structure on X. 

In order to prove Theorem 1.6, we need to describe smooth maps u : P^ — > X, with one or two 
marked points, that lie close to each stratum Ut{X; J) of 97to,i(X, A; J) and of 

Tlo,2iX,A;J)^Tlo,{o}u{i}{X,A;J). 
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We denote by Xo^m{X,A) the space of equivalence classes of all smooth maps into X from genus- 
zero Riemann surfaces with marked points indexed by the set {0}UM in the homology class A and 
by 3^j^{X,A) the subset of Xo^m{X,A) consisting of the maps with smooth domains, i.e. P^ in 
this case. 

Let T={M,r,j,A) be a bubble type such that ^jg/^j = ^, i-e. Ut{X; J) is a stratum of the moduli 
space Tlo^^QjuMiX, A; J). We will proceed as in Subsections 3.3 and 3.6 of [Z4]. Subsections 2.1 
and 2.3 in [Z3] describe a special case of the same construction in circumstances very similar to 
the present situation. 

For each sufficiently small element v = {b,v) of J-T , where 6 = (Sf,,Uf,) is an element oiU!^ {X; J), 
let 

be the basic gluing map constructed in Subsection 2.2 of [Z4]. In this case, S„ is the projective 
line F^ with |M| + 1 marked points. Let 

b{v) = (T,v,Uv), where Uv=Uboqy, 

be the approximately holomorphic map corresponding to v. The primary marked point yo{v) of 
S„ is the point cx) of S„~S'^. 

Let V"' be the J-linear connection induced by the Levi-Civita connection of the metric gx- Since 

— -0 
the linearization Djf, of the 3j-operator at b is surjective by Definition 1.3, if t; G J-T is sufficiently 

small, the linearization 

Dj,„: r(t;) = L?(S„;<TX) -^rO'i(t;; J) = LP(S„;A°;]r*S„®<TX) 

of the 9j-operator at b{v), defined via the connection V , is also surjective. In particular, we can 
obtain a decomposition 

T{v) = T.{v)er+{v) (3.1) 

such that the linear operator Dj^y-. T^{v) — >T^'^{v; J) is an isomorphism, while 



[V 



{Coqy:C€T^ib)=kerDj^h}. 



For the purposes of this subsection, the space T^(v) can be taken to be the L^-orthogonal com- 
plement of r_(f ), but for use in later subsections it is more convenient to take 

r+(z;) = {CGr(f):C(0,oo) = 0; ((C,0)t.,2 = VeGF^li;) s.t. ^(6, oo) = 0}, (3.2) 

where (0,oo) is the primary marked point, i.e. the south pole of the sphere S^wS"^. This choice 
of F+(t;) is permissible by Definition 1.3. The L^-inner product on T{v) used in (3.2) is defined 
via the metric gx on X and the metric g^ on S„ induced by the pregluing construction. The 
Banach spaces F(u) and T^'^{v; J) carry the norms || • \\v,p,i and || • \\v,p, respectively, which are also 
defined by the pregluing construction. Throughout this paper, p denotes a real number greater 
than two. The norms || • \\v,p,i and || • ||„^p are equivalent to the ones used in [LT]. In particular, the 
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norms of Dj^y and of the inverse of its restriction to r4.(f ) have fiberwise uniform upper bounds, 
i.e. dependent only on [b] ^Ur{X; J), and not on wgC*^. We denote by 

7r„;_:r(t;) — >T^{v) and 7r„;+ : r(u) — >Tj^{v) 

the projection maps corresponding to the decomposition (3.1). The relevant facts concerning the 
objects described in this paragraph are summarized in Lemma 3.1: 

Lemma 3.1 Suppose {X,uj,J) is a compact almost Kahler m,anifold and A^ H2{X;Z). If J is 
a genus-zero A-regular almost complex structure and T = {M,r,j,A) is a bubble type such that 
A = ^i^jAi, there exist 5,C £ C{Ur{X;J);W^) and an open neighborhood Uq- of Ur{X;J) in 
Xq^m{X,A) with the following properties: 

(1) for allv = {b,v)£rfs, 

\K;-av,p,i < c{b)m\v,p,i y^eT{v), iiDj,„eii„,p < c(6)|t;|i/nieiu,p,i veGr_(t;), 

and C{b)-^U\\v,p,i < \\Dj,yav,p < C{b)mv,p,i VeGr+(u); 

(2) for every [6] 6Xq^(X, A) n C/r, there exist v^TT^ andC,£Tj^{v) such that ||C||u,p,i <<^(^) o.'^.d 
[expfe(„)C] = W. 

The first two bounds in (1) follow immediately from the definition of the spaces T-{v). The third 
estimate can be deduced from the facts that 

||Clk,P,i<C(6)(||i?j,„elU,p+IICIk,p) and llelico < C(6)||e|U,p,i VeGr(i;), (3.3) 

and lim r_(u) =r_(6) if 6=(Sb,nb) G ZY^°^(X; J); 

V — >6 

see Subsection 3.5 in [Z4]. In (2) of Lemma 3.1, exY)Uy\C denotes the stable map that has the 
same domain and marked points as the map b{v), but the map into X is exp„ Q, where exp is the 
exponential map of the connection V . The final claim of Lemma 3.1 also follows from the above 
properties of r_(u), along with the uniformly smooth dependence of the spaces r_(f) on v; see 
Section 4 of [Z4]. In fact, for each \b] in Ut n Xq m^-^^ ^)' ^^^ corresponding pair {v, C,) is unique, 
up to the action of the group Aut(T) oc {S'^Y . 

Corollary 3.2 // [X,uj,J), A, and T are as in Lemma 3.1 and M = 0, for every precompact 
open subset K ofUq-{X; J), there exist 5k, Ck G I^^ CL'Ttd o.n open neighborhood Uk C Ut of K in 
Xo0(X, yl) with the following properties: 

(1) requirements (1) and (2) of Lemma 3. 1 are satisfied; 

(2) if J is an almost complex structure on X s.t. \\J — J\\qi <5k and [b] £Uk<^^oi{X,A), there 
exists a smooth map u: P"*^ — >X such that [6] = [P"'^,n] and, for a choice of linearization of dj at u, 
the operators L) j ^ and S)^_ are surjective. 

Remark: If the map H is J-holomorphic, i.e. dj vanishes at u, there is only one linearization of dj 
at u, though there are different ways of writing it explicitly. In the proof of this corollary, whether 
or not n is a J-holomorphic map, Dj^ denotes the linearization of dj at u with respect to the 
connection V"^; see Chapter 3 in [McSa]. 



23 



Proof: (1) By (2) of Lemma 3.1, it is sufficient to check tlie surjectivity claims for every smootli 

''^s'kIkW and ||Clk,p,i<'^^- 

eGr(n) = L?(s„;rrx), 



mapu = exp„^C, where u = (6, w) G J^Tj*^ |^(o) and \\C\\v,p,i<6k- If 



we define ^£T{v) by 

where H^^^) is the parallel transport along the geodesic t — > exp^_^/^\t(^{z) with respect to V . 
By (3.3), 



(3.4) 



\\DjJ\[,,p< \\Dj^-av,p + CK{\\J-J\\c^ + \\C\\v,p,i)\mv,p,i 

= \\Dj^A,P + CK{\\J-J\\c- + \\C\\v,p,i)\\i\kpA VeGr(i2). 
Thus, by (1) of Lemma 3.1, 

||vr„;+|||„,p,i<C^(||J-J||c.i + ||CIU,p,i)lllll-,P,i w. 1 n 

V^GkerDj-, (3.5) 

=^ M\\v,p,l < Ck\\'^v;~(\\v,p,1 

if 6k is sufficiently small. By (3.5) and (a) of Definition 1.3, 

dim ker D j - < dim T^iv) = ind D jh = ind D j -. 

In particular, the operator -Dj^j is surjective. 

(2) The surjectivity of the map 1)"^. is proved similarly. Let 

^„;_ : r_ (v) — > f_ {v) = {^ G r_ {v) : ^(oo) = 0} « ker ^J^^^ and 
^„;+:r_(t;) ^f+(t;)^UGr_(t;): ((e,O)t.,2 = 0V^'Gf_(t>)} 

be the L^-orthogonal projections onto T~{v) and its orthogonal complement in T^{v). Then, 

mkp,i < CK\aoo)\ y^er+{v), (3.6) 

since the analogous bound holds for the map 

by Definition 1.3. Combining (3.3)-(3.6), we obtain 

\\T^v; + T^v;-i\\v,p,l < C/^| Vr„;_|(oo) | < (7^ (||(oo) | + |7r„; + |(oo) |) 

< C^(|e(oo)| + (II J- J||^i + ||C||„,p,i)|||||„,p,i) V eekerDj^- 
=^ \\i\\v,p,i < CK\\nv-^7^vA\\v,p,i V^GkerDl^-, 

if 6k is sufficiently small. Thus, 

dimkerD'f- < dimf„(i;) = rndTtf. = indD'f,, (3.7) 

and the operator S)^_ is surjective. 
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3.2 Some Power-Series Expansions 

In Subsection 2.5 of [Z3] we describe the behavior of ah derivatives of rational Jo-holomorphic maps 
into P" near each stratum Uq-i^"'] Jq) by making use of special properties of the standard complex 
structure Jq on P". In this subsection, we obtain analogous estimates for modified derivatives of 
J-holomorphic maps into X for an arbitrary genus-zero A-regular almost complex structure J; see 
Lemma 3.5. We use these estimates a number of times in the rest of the paper. 

If 6 = (SfjjUf,) is as element of Uj- {X; J) as in the previous subsection, the tangent bundle 

TiJA^j- {X]J) of Uj- {X;J) at b consists of the pairs (w,^), where ^ G kevDj^ and u; G C^ en- 
code the change in u^ and in the position of the nodes on S;,, respectively, that satisfy a certain 
balancing condition; see Subsection 2.5 in [Z4]. We denote by ThUq- {X ; J) the subspace of the 
tuples (0,^) oiThU!^ {X;J). In particular, 

ffUPiX-J) C r_(6) = {(a)/,e,G0kerDj,„,_,: e^oo)=e.,(x/,(6)) V/iG/}, 

where Uh^h = Ub\T.f,h- If ^£x('^)) where x{'^) is as in (2.3), the image of the projection map 
{{ih)h&l£fguP{X-J):ii{d,^) = Q] ^{CGkerZ)j,„,,:C(6,oo) = 0}, 

i = {ih)h£l > ?|E6,i=?i, 

has real codimension two. Its complement corresponds to the infinitesimal translations in Cc Sb^j. 
Thus, if J satisfies the regularity conditions (a) and (b-i) of Definition 1.4 and is the minimal 
element of /, for all iGxi'^) the map 

Dj,„;,: f„(6)^{eGffe4°)(X; J): e(0,oo) = 0} -^ T,,,ib)X, ^j,uAO = Vi^^i, 

is surjective. 

Lemma 3.3 // (X, a;, J), A, and T are as in Lemma 3.1, for every precompact open subset K of 
Uq-{X; J), there exist Sk,£k,Ck G I^^ o,iT-d an open neighborhood Uk C Ut of K in Xq^m{X,A) 
with the following properties: 

(1) the requirements (1) and (2) of Corollary 3.2 are satisfied; 

(2) if J is an almost complex structure on X s.t. || J— J||ci <(5a-, 

(2a) for all v = (6, v) G .T^T^^ |^(o) , the equation 

^jexP«„C = 0, CeT+{v), \\C\\v,p,i<eK, 

has a unique solution Qj ^; 

(2b) the map (pj: J='T^J^^o-, — >9Jl[J ^^^^^^^(X,^; J) n Ur, v — > [exp;,(„) Cj,„]; is smooth; 

-0 

(2c) for allv={b,v)eTTgJj^^o), evo(0j(i;)) = evo(6); 

- — 
(2d) for all v = (6, v) G J^T^^ |^(o) , 

IICf„ll iJV^Cr,,!! ,<CK(\\J-J\\c^ + M^h, (3.8) 

where V Cj„ denotes the differential of the bundle map v — ^Cj„ along r_(6) with respect to a 
connection in the bundle T{{-,v)) over Uj- {X; J). 
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Remark: Let ip: f-(-) — >L(j- {X; J) be a smooth map such that 

is the inclusion map for all b^U!^ {X; J) and 

S^(,) = E, and evo(v.(<?)) = evo(6) y beVl!f\X; J), ^er^{b). 

Let 

(^:7ri_(.^r((.,t;))=7r!_(.^r(E(.,,);4^,)rX)^r((.,^)) 

be a lift of c/? to a vector-bundle homomorphism that restricts to the identity over Uj- {X; J). For 
example, we can take (p to be given by 

if ?Gf_(6) and (/9(<^) = (S6,exp„^ C(^)), 
where n^(g (^))^(z) is the parallel transport of ^(z) along the geodesic 

7c(2) : [0> 1] — ^ -^> 7- — > exp„^^^^^(^) rC(g(fe,^)(z)). 

We can then define V^Cj,(.,„) : f _(•) — >T{{-,v)) by 

{vrc,;,.}|,„ = li^^^iMiW-^KilM) , r((,„)) 

for XGr_(6). Finally, a choice of metric on Uj- {X; J) determines ||V Cj„l|f,p,i- 

Claim (2a) of Lemma 3.3 and the first bound in (2d) follow immediately from (1) of Lemma 3.1 
and (3.3) via a quadratic expansion of the 9j-operator at Uy and the Contraction Principle; see 
Subsection 3.6 in [Z4]. Claim (2c) is a consequence of (3.2). The smoothness of the map (pj follows 
from the smooth dependence of solutions of the equation in (2a) on the parameters. The second 
bound in (2d) is obtained from the uniform behavior of these parameters; see Subsection 3.4 in [Z4]. 

If b^Uq- {X; J) is as before, the domain S^ of 6 has the form 

Sfe= (iJWx^')/-' ^here (/i, oo) ~ (i^,x;,(6)) V/iG/, (3.9) 

and Xfi{b)^S'^ — {oo}. The basic gluing map g„: S„ — >Sf, used in this paper is a homeomorphism 
outside of at most |/| circles in S„ and is holomorphic outside of the annuli 

with hGl, where 

^b,hi^) = A^i^) = {{h,z)e{h}xS':\z\>5-'/'/2}, 
K,hi^) = {iih,z)(^W}xS^: \z-Xhib)\<26'/^}, 

26 



for any 6 G M"*". For each h^ I, ^^/jU A^ ^ is the thin neck of S„ corresponding to smoothing the 
node of Sb joining the spheres Sft,;,^ and Sfe,h. If JgR^, let 

^ iex{r)h>i ^ iexir) 



In the case of Figure 7, S2((5) consists of the two non-shaded components, with the node joining 
them turned into a thin neck, the three thin necks corresponding to the nodes attaching the bubbles 
hi, /14 , and h^ , and small annuli extending from each of these three necks into the interior of the 
corresponding bubble, provided |t;| <5. li v = {h,v), with f gC*^, the complement of S5^((5) is the 
union of |x('^)| disks that support nearly all of the map n„ = nbogi^ 
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Lemma 3.4 // (X, a;, J), A, and T are as in Lemma 3.1, for every preconipact open subset K of 
Ut{X; J), there exist 5k,£k,Ck G I^"*" and an open neighborhood Uk C Uq- of K in Xq^m^X^A) 
with the following properties: 

(1) the requirements (1) and (2) of Corollary 3.2 are satisfied; 

(2) if J is an almost complex structure on X s.t. || J — J||ci <5k, there exist a smooth map 

such that the requirements (2a)- (2d) of Lemma 3.3 are satisfied. Furthermore, for every b^K^^' 

'% 

and f = (6, w) G^T^^ 1^(0), there exist 

$fe G L?(sO(5x);End(evSrX)), t?, G Holj(sO(5x);evSTX), 

$j„ G L?(sO(5x);End(evSTX)), dj^^ G Holj(sO(5x);evSTX), 

such that 

(2a) the maps b — >(<l>h, -(?(,) and v — ^i^Jv^^Jv) '^'^^ smooth; 
(2b) for aUb£k^°\ 

expcv„(6) {^b{z)Mz)) = Ub{z) Vz G T.1{Sk); 
^blyOfn) = Id, and ||<I>fe-/d||, „ ||V^(<I>b-/d)||, , < -; 

'9 

(2c) for all v={b,v)e J^T^^ | ^(o) , 

exPcvo(6) (^j,t,(^)^j,t;(^)) = Uviz) yz£i:l{5K) 
and \\^J,^-'^boq4^^^^,,\\V'^i'^j^,-<^boq.)\l^^^, < Ck{\\J-J\\c- + \v\'/^), 

i/n„ = exp„^Cj,„- 

In the statement of this lemma, 'iiolj(E^{6K)', ev^TX) and Holj(S^((57i-);evQTX) denote the spaces 
of holomorphic maps from Ti^{5k) and T,^{6k) into the complex vector space (Tevg(fe)X, J). In 
brief, the substance of Lemma 3.4 is that a J-holomorphic map can be well approximated by 
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^h.X'^) = Xhaib) + Vh3Xhr,{b) 

(6,00) 

Figure 7: An Example of the Estimates of Lemma 3.5 

a holomorphic map on a neighborhood of the primary marked point, or any other point, of the 
domain. Due to Lemma 3.3, Lemma 3.4 is essentially a parametrized version of Theorem 2.2 
in [FlHSa], and only a couple of additional ingredients are needed. The crucial fact used in [FlHSa] 
is that the operator 

H:L?(52;Endc(C")) ^ LP{S^;A'^'^T*S^^Endc{C''')) eEndc(C"), H(e) = (9e, 6(0)), 

is an isomorphism. The map H is still an isomorphism if S'^ is replaced by a tree of spheres S and 
by any point on S. Furthermore, if y is a smooth point of S for all sufficiently small smoothings v 
of the nodes, the operators 

H„: L?(S„;Endc(C")) ^ LP(S„; AO'iT*S„®Endc(C")) Endc(C"), H„(e) = (ae, e(y)), 

are also isomorphisms. In addition, for some CgM^ and for all sufficiently small smoothings v, 

C-i||H„e||„,p < ||G||„,p,i < C||H„e||„,p V eGL?(S„;Endc(C")). (3.10) 

If all components of v are nonzero, S„ is topologically a sphere, but should instead be viewed as 
a tree of spheres joined by thin necks. As before, we denote by || • \\v,p,i and || • ||„^p the norms 
induced by the pregluing construction above. In particular, (3.10) can be viewed as a special case 
of (1) of Lemma 3.1. We need to use the norms || • ||i;,p,i and || • ||„^p, since these are the norms used 
in Lemmas 3.1 and 3.3. Keeping track of all norms in the proof of Theorem 2.2 in [FlHSa], we see 
that the maps <I>b, t?^, ^j^, and 'dj ^ satisfying (2b) and the first condition in (2c) exist, provided 
that 6k is sufficiently small. The last two estimates in (2c) are obtained by an argument similar 
to Subsection 4.1 in [Z4]. 

Before we can state Lemma 3.5, we need to introduce additional notation. For each v = (b,v), 
where b^U^- {X; J) and vGC^, and i^xiX)^ let 

Piiv) = Y{vh£C, pi{v) = (b, pi{v)); Xi(f) = ^ (^2:^/(6) ]^t;/,j G C, 

6<h<i Q<i'<i 6<h<i' 

where Xj(6) is as in (3.9); see Figure 7. If i^ and 1^1, are as in Lemma 3.4, b= {Tih, Uh) € K^^' , i^gC, 
iGxi'^): and rGZ+, we put 
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where '&b,i = ^b\T.^i-, -j is the scalar multipHcation in {TX, J), and Wi is the standard holomorphic 
coordinate centered at the point oo in T,b^i = S'^. If v£j^Tg^\j:^(o), we similarly set 



bj{v) = (S„,^„), V^[%{v) = ^^^iM 



w=0 ^ ' 



r! dw^ 
where w is the standard holomorphic coordinate centered at the point oo in S„~S''^. The value of 

(r) 

V^ b depends on the choice of 1^5 in Lemma 3.4, which can be uniquely prescribed by the choice 
of Sk G IK'*'- Alternatively, one can replace small positive numbers 6k dependent on compact 
subsets K of Ut{X; J) by a small function 6 : Uq-iX; J) — > M"*", which can be used to choose a 
holomorphic map 

for each J-holomorphic stable map b ^Uj- {X; J). Of course, the definition of V-" hj{v) depends 
on even more choices, including those involved in the gluing construction of Lemma 3.3. 

Lemma 3.5 // (X, a;, J), A, and T are as in Lemma 3.1, for every preconipact open subset K of 
Uq-{X; J), there exist Sk,^k,Ck G I^^ o,iT-d an open neighborhood Uk C Ut of K in Xo^Mi^jA) 
with the following properties: 

(1) the requirements (1) and (2) of Corollary 3.2 are satisfied; 

(2) if J is an almost complex structure on X s.t. \\J — J\\(ji < 5k, there exist cpj, ^^ and 1?^ for 

each b^K^^\ and ^j^ and '& j ^ for each f G .7-"Tr |^(o), such that the requirements (2a)-(2d) of 
Lemma 3.3 and (2a)- (2c) of Lemma 3.4 are satisfied. Furthermore, for each /cGZ^ and i&x(X) 
there exists a smooth map 

'ir^L\Kio,^^<TX, 

such that: 

(2a) for all r^ Z+ and v={b,v)^ ^^ Sr I .r'Co) ' 

fc=l ^ ^ i&x{r) 
(2b) for allkeZ+, iexC^), and v = {b,v)^TT ^^\^^o), 

Proof: (1) We apply, with some modifications, the argument for the analytic estimates of Theo- 
rem 2.8 in [Z3] to holomorphic functions i?;, and i?j„, instead of the functions u^ and u^ which are 

J-holomorphic and J-holomorphic in this case. We will use coordinates z on S"^ — {cx)} ~C and 
w = z~^ on S^ — {0}. Since '&j^ is holomorphic on T,^{6k), 

1 v^ f „ / N dw 



2vri ^ Ta-A- (5j^'''^'^^w'+' (3-11) 

-^ E / ^f^{z){^bAoq.{z)^lj^{z))z^-Uz, 
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where Cj> GC-(S2(<5x);Te,„(fe)X) is defined by 

(2) In order to estimate each integral on the last line of (3.11), we expand z'^^^ around Xi{v), the 
center of the circle d~A^^{5K), as a polynomial in Zi = z — Xi{v): 

^f{z){^,^, o q^{z) + CjM^''~'dz 

k=r . . (3.12) 

By construction, Zi = q^{zi)= p'^ {v)zi neai d~ A~ ^{Sk)-, '^i Zi is the standard holomorphic coordinate 
on S„^j — {oo} = {i} X (S*^ — {oo}) and |f|<(5/^. Since '&b,i^''^b\sb t is Jcvo(6)-holomorphic, 

MQv{zi))s'l'^dzi = p^{v) i> \i{zi) z'[-^dzi 

k' ^ I ^ , . dw. 



= -pfiv)f \i{m)^TT (3.13) 

where Wi = z^ is the standard holomorphic coordinate on {i} x (S*^ — {0}). Similarly, 

{{^f{z,)Mqv{zi))-id]Mqv{zi)) + ^f^{zi)Cj,{zi))z'y-^d~z, 

d-KA^K) ''" ''" (3.14) 

where 

41(^) = 77 / ({cI>j;,(tx;.)^6(g.(t«.))-^4^^('?-(^^)) + ^jt(^^)0.(^^))4^- (3-15) 

The expansion in (2a) of the lemma follows immediately from (3.11)-(3.14). By definition, d^A^{6K) 

1/2 

is a circle of radius 26 j^ around the south pole in the sphere S^^j. Thus, part (2b) of the lemma 
follows from (3.15), along with (3.8) and the bounds in (2b) and (2c) of Lemma 3.4. 

3.3 The Genus-One Regularity Properties (b-i) and (b-ii) 

In this subsection, we show that if J is an almost complex structure on X that satisfies the reg- 
ularity conditions (a) and (b-i) of Definition 1.4, then so does every almost complex structure J 
on X which is sufficiently close to J. This claim follows from Corollary 3.6 and the compactness 
of the moduli space dyto^i{X,A; J). We also show that if J is an almost complex structure on X 
that satisfies the regularity conditions (a), (b-i), and (b-ii) of Definition 1.4, then so does every 
nearby almost complex structure J on X. This conclusion is immediate from Corollary 3.7 and 
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the compactness of the moduh space dJlo,2iX,A; J). 



If T is a bubble type as in Corollary 3.2 with Aq = 0, where is the minimal element of I, the 
analogue of (3.6) does not hold for the map 5)^^'' for any fixed nonzero vector v tangent to P^ at oo. 
The reason is that 2!)j°^^ is the zero homomorphism on ker'Dy^, since the map Ub is constant on the 
component T,^ g of the domain S^ of b which contains the marked point oo. In particular, 1)°^'^ need 

not be surjective for a smooth map u: P^ — >X arbitrary close to the moduli space ^q^i{X,A; J). 
Thus, a different approach is required to understand the behavior of the regularity condition (b-i) 
of Definition 1.4 near Uq-{X; J). 

Claim (c) of Theorem 1.6 can alternatively be viewed as a statement concerning the behavior of 
the first derivatives du\oo of J-holomorphic maps. Lemma 3.5 describes the behavior of modified 
first and higher-order derivatives of J-holomorphic maps near a stratum Uq-^X; J) with T as in the 
previous paragraph. We use the estimate for the higher-order derivatives to describe the behavior 
of the regularity condition (b-ii) of Definition 1.4 near hlq-{X; J). 

Corollary 3.6 Suppose {X,uj,J), A^O, and T are as in Lemma 3.1 and M = 0. If the almost 
complex structure J satisfies the regularity conditions (a) and (b-i) of Definition I.4, for every 
precom,pact open subset K ofUriX; J), there exist 6k, Ck G IR^ and an open neighborhood Uk C Uq- 
of K in Xq ii){X, A) with the following properties: 
(1) requirements (1) and (2) of Lemma 3. 1 are satisfied; 

J,u' J,U 



(2) if J is an almost complex structure on X s.t. \\J—J\\qi <6k and [F^ ,u]^TIq [qt^{X, A; J)nUK, 
the operators Dj^, Tl°j'., andT)'^f°° are surjective. 



Proof: (1) By Corollary 3.2, it remains to show that the operator 2!) - L °° is surjective. If T= (0, 1; , A) 
with Aq 7^ 0, the argument used twice in the proof of Corollary 3.2 can be repeated once more to 
show that the operator 'i)°Pf°° is also surjective for any smooth map u sufficiently close to K. 

Thus, we will assume that Aq = 0. 

(2) Let q be any point in X. By (a) of Definition 1.4, 

UP{q;J) = {beUP{X;J):eYo{b)=q} 

is a smooth submanifold oi Uj- {X ; J) . By Corollary 3.2, dJl^ jq-.{X,A; J) is a smooth orbifold, 
while 

Tll^Q^{q;J)^{beml^Q^{X,A;J):eYo{b)=q} 

is a smooth suborbifold of TIq iQ^iX, A; J). By Lemma 3.3, every element of QJIq iQ^iq; J) n Uk has 
a representative of the form {F^,u), where 

u = exp„^ Cj> , v={b,v) e TTg^ I ^(„) , 

and (j ^ is as in (2a) of Lemma 3.3. By (2c) of Lemma 3.3, 

rf^«^P«(.«)..)0,MtO,-)lt=o e kerD|;.ckerZ)j- ^^^^^^ 

V ^efbU^iX; J) n nU^\q; J) = f_(6), 
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where (p is the map defined in the remark following Lemma 3.3. We will show that the map 

f_(6) -^ TgX, e -^ ^{4exp„,^,^^)_^)Cj,(^(i5),,)}Ue^}L=0' (^-l^) 

is surjective. Along with (3.16), this claim implies Corollary 3.6. 

(3) Let <5fe, -dh, ^j„, and -dj^ be as in Lemma 3.4. Since for all t;' = (6',u) ^.T^T^^ |^(o)) ^jv' ^^ ^^ 

L^-map on I]^,{6k) CF^, while the Jcvo(b')-holomorphic map t?j„/ vanishes at oo ^Ti^,{5k), 

Thus, by the r = l case of (2a) of Lemma 3.5, 

Replacing b' with ip{tS,) in (3.18) and differentiating at t = 0, we obtain 
d 



lOO^oo J 



^^{4exp„(^(^^j_^jCj,(<p(t5),^,)}|ooeoo}|i=o 



By (2b) and (2c) of Lemma 3.4 and (2b) of Lemma 3.5 

7rJi) 



+ {<l>j,Joo)} Y. {yJ{vfh)+Vlef^{v)]pM 



\<^f^{^)-Idl \e'^[{v)\ < Ck{\\J-J\\c^ + \v\ 



(3.19) 



(3.20) 



On the other hand, since i?6(oo) =0, 

By (a) and (b-i) of Definition 1.4, the map 

is surjective for all i G x('^)j see the paragraph preceding Lemma 3.3. Since pi{v) G C* for all 

V = {b,v) G .7^T^^|^(o) and i G xi'^)-, it follows from (3.19)-(3.21) that the map in (3.17) is also 
surjective, provided 5k is sufficiently small. 

Remark: At the end of the argument above, we use the fact that xi'^)¥^^- This is the case if and 
only if A/0. 
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Corollary 3.7 Suppose {X,lo,J), A^O, andT are as in Lemma 3.1 and M = {1}. If the almost 
complex structure J satisfies the regularity conditions (a), (b-i), and (b-ii) of Definition I.4, for 
every precompact open subset K ofUq-{X;J), there exist 5k,Ck ^^^ o-nd an open neighborhood 
UkCUt of K in XqsiUX, A) with the following properties : 

(1) requirements (1) and (2) of Lemma 3.1 are satisfied; 

(2) if J is an almost complex structure on X s.t. || J— J||ci <^K and 

[P\yi,n]G9JI°_{o_i|(X,A;J)n[/x, 
the operators Dj-, S)T-, o,nd ^^f'^'^ are surjecti 

^ "'."' J,u' .J.u •' 



live. 



Proof: (1) By Corollary 3.2, it remains to show that the operator 2)^^^^ is surjective. If 

T=i{l},L,j,A) 

is a bubble type such that Aij^O for some i<ji, the argument used in the proof of Corollary 3.2 
can be repeated once more to show that the operator J)^^^i is also surjective for any smooth 

map {yi,u), with two marked points, sufficiently close to K. Thus, we will assume that Ai = for 
all ^< Ji- In this case, evo(6) =evi(6) for all bEUriX; J), as there are no non-ghost components 
between the marked points (0, 00) and yi. In the case of Figure 7, this means that j'l G {0, /13}, 
i.e. yi lies on one of the non-shaded bubbles. 

(2) For any point q ^ X, let U^ {q; J) and Tl^ ,q -^^^{q; J) be defined as in (2) of the proof of 
Corollary 3.6. By Lemma 3.3, every element of OJlS rg nil'i J) ^ ^K has a representative of the form 
(P"^, yi,u), where 

0<j<jri 0<h<i d<h<ji 

and Cj„ is as in (2a) of Lemma 3.3. We will show that the map 

f_(6) -^ T,X, ( -^ |{exp,Cj,(^(,o,.)(yi)}L=o' (3-22) 

is surjective. Note that g = U(^(j^)^^)(0, 00). Along with (3.16), this claim implies Corollary 3.7. 

(3) Let $b, T?fe, ^j„, and 'dj^ be as in Lemma 3.4. Since t?j^ is a Jcvo(6)-holomorphic map on 

T,^{6k), vanishing at cc, and yiGS°(5x), for all v' ={b',v)eJ^Tg^^\j^(^o-j, 






^jy (^1) = E ryx77^j,.'(-)L=o • y^ = Ewhi-') ■ vi 



(3.23) 



^ Y^{y,-x,{v'))~\V^^}+ef^{v')]pKv')^T,.,i^y)X, 
k=i iaxir) 



by (2a) of Lemma 3.5; see the proof of Lemma 4.2 in [Z5] for more details. For each i G x(X)i ^^ 
denote by h{i) the largest element of / such that h{i) < i and /,/j(j) <ii- We set 

Xh;i[^) = ^hii)[b) and yi;h[b) = < ,,,, ., r V . , 

[xf^{b), iih<ji and i-^ = Lh(i). 
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If v' = {b', v), we put 

PiAv') = JJ I'h, Xi-iiv') = ^ [Xi'ib') Yivhj G C, 

h(i)<h<i h(i)<i'<i h(i)<h<i' 

yi;i{v')= ^ Xi,{b') Y[vh + yi Jl Vfe G C. 
i'h(i)<i'<ji i-h(z)<h<i' i'h(i)<h<ji 

It is straightforward to see from the definitions that 

{yi{v')-x,{v'))-'p,{v') = {ylAv')-Hl{^')y'p^■A^')■ (3.24) 

By (3.23) and (3.24), 

»exm ' (3.25) 

and \ef^{v%\V'^ef^{v')\<CK{\\J-J\\c^ + \vr/^). 

Finahy, for all ^ G fbU? {X;J), 

yi{^{ti),v)=yi{b,v), yi,i{ip{tO)=yi,i{b), Xr,i{ip{tO) = x^,i{b) yiexiT). (3.26) 

The surjectivity of the map in (3.22) follows from (3.25) and (3.26), along with (2) of Lemma 3.4, 
by the same argument as in (3) of the proof of Corollary 3.6. 

Corollaries 3.6 and 3.7 complete the proof of the parts of Theorem 1.6 that concern genus- zero stable 
maps. However, this is a convenient point to deduce a few more conclusions from Lemma 3.5. We 
use Corollary 3.8 in the next three sections. Suppose T = {M,r,j,A) is any bubble type and 
V = {b, v) G J-^T is sufficiently small. With notation as in the proof of Corollary 3.6, we define the 
homomorphism 

^j,v-^-(b) — 'l^erDj^-^ C f(t;; J), where f(z;; J) = L^(E„;u;rX), u^, = expf, „^ Cj,„ , 

We denote the image of Rj ^ by T^{v; J). Let 

A-g(<5) = {{6,z)G{6}xS^: \z\>6-'/^/2] C S„; 
d'A-^iS) = {{6,z)e{6}xS^: |z| = 5-1/2/2} C S„. 

Corollary 3.8 // {X,lu, J), A, and T are as in Lemma 3.1, for every precompact open subset K 
ofUTiX;J), there exist 6k,^k,Ck &^^ o-nd an open neighborhood UkCUt of K in Xo,m{X,A) 
with the following properties: 

(1) the requirements (1) and (2) of Lemma 3. 1 are satisfied; 

(2) if J is an almost complex structure on X s.t. ||J— J||ci <5k, there exists Cj„Gr+(t;) for each 

' — '% 
t; = (6, f ) G J^T 8k 1 7^(0) s^c/i that: 
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(2a) the requirements (2a)- (2d) of Lemma 3.3 are satisfied; 
(2b) for allv={b,v)eJ^Ts^\j^^o-, and5<A5K, if u^ = ^y^VuSj,v' 



Idu 









(2c) for allv={b,v)eJ^Ts^\^^„-, and6<A6K, i/exp(,^y(ft) /„(z) = tt„(z) for z^A^^^{5k), 
\fv{w)\ < Ck\w\ Y, \pii^)\ yweA~^^{6Ky, 



9-K/') 



dw 

' — 



Uw)^ - 27ri Y,^j,p,{v)\ < Ci,(||J- J|bi + |t;|^/^+5(P-2)/^) Y. \p,{v)l 



where w is the standard holomorphic coordinate on the complement of (0,0,1) in S"^ ; 
(2d) for allv = {b,v)erfl^\j^^,^, ^et_{b), and 6 e {0,46k), 



^-K/') 



dw 



iexiT) 

< C;,(i|j-j||c.i+|f|^/^+5(p-')/^) Y \pM • ll^ll->p>i; 



(2e)foraUv={b,v)£j^Tsj^\^(^o), ?Gf-('u;J), and5<i5K, 

I^U < Ck\w\ Y H^)\ ■ U\kp,i V^e A-g(<5); 
iex{r) 



|vei 



a;.(5)II„ 






where w is as in (2c). 

The first part of the proof of Corohary 3.2 shows that 

CK^m\h,p,i < \\Rjj\kp,i < ckUKp,! V eGf_(6). 

In fact, Ck can be required to be arbitrary close to one in this case. By the proof of (3.25), 

iexCr) 
for ah w^A^JSk), where 

\e{v,w)\ < Ck\w\'^ Y |/'«(^)| ^"^^ \dwe{v,w)\ < Ck\w\ ^ |pj('y)|- 
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Both estimates in (2c) are immediate from (3.27), (2b) and (2c) of Lemma 3.4, and Holder's 
inequality, since 

Differentiating (3.27) with respect to w and integrating, we obtain (2b). The first bound in (2e) 
is obtained by differentiating (3.27) with respect to ^, as in (3) of the proof of Corollary 3.6. The 
second estimate in (2e) follows by differentiating the resulting expression with respect to w and 
integrating. Finally, in the remaining statement of (2d), each element ^{w) of T^^/^^X is identified 
with its preimage in Tcvg(;,)X under the parallel transport along the geodesies. This estimate follows 
by differentiating (3.27) with respect to ^. Due to the first bound in (2e), the parallel transport 
and the geodesies can be defined either with respect to the J-compatible connection V or with 
the respect to the J-compatible connection 

v^ = kv^- JV-^J) 

in the bundle TX — >X. 

4 Genus-One Gluing Procedures 

4.1 A One-Step Gluing Construction 

Our next goal is to show that the regularity condition (c) of Definition 1.4 is well-behaved under 
small perturbations of the almost complex structure J. Corollaries 4.2 and 4.5, along with the 
compactness of the moduli space dyti{X,J;A), show that this is indeed the case. They conclude 
the proof of the g = l case of the first claim in Theorem 1.6. 

We denote by Xi^MiX,A) the space of equivalence classes of all smooth maps into X from genus- 
one Riemann surfaces with marked points indexed by the set M in the homology class A and by 
X^ j^{X,A) the subset of Xi^m{X,A) consisting of maps with smooth domains, i.e. smooth tori 
in this case. Similarly to the previous section, we need to describe smooth maps u : S — > X in 
Xi^0(X, A) that lie close to each stratum Ur{X; J) of the moduli space 9JTi^0(X, J; A). UUr{X; J) 

is contained in 9JT| f!{X,A; J), the surjectivity of the operator Dj - can be shown by an argument 
similar to the proof of Corollary 3.2. This case is handled in this subsection. We will assume 
that J is an almost complex structure that satisfies the regularity conditions (a), (b-ii), and (c) of 
Definition 1.4. 

Let T = (M, /, i^;j,A) be a bubble type such ^i^jAi = A and Ai ^0 for some minimal element 

' — '1> 
of /. We proceed similarly to Subsection 3.1. For each sufficiently small element v= (6, v) of J-T , 

let 

b{v) = {T,y,jy,Uy), where w„ = Ufeog^, 

be the corresponding approximately holomorphic stable map. Since the stable map uj is not 
constant on the principal component, the linearization Dji, of the 9j-operator at b is surjective 
by (a), (b-ii), and (c) of Definition 1.4. Thus, if v is sufficiently small, the linearization 

Z)j,„:r(u) = L?(S„;<TX) -^rO'^(t;;J) = L*'(S„;A°'; T*S„®<rX), 
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of the 3j-operator at b{v) , defined via the connection V , is also surjective. In particular, we can 
obtain an orthogonal decomposition 

T{v) = T^{v)®T+{v) 

such that the linear operator Dj^.^ : T^{v) — >T^'^(v;J) is an isomorphism, while r_(f) is close 
to r_(6) = kerDjfe. The relevant facts concerning the objects described in this paragraph are 
summarized in Lemma 4.1 below. 

Remark 1: The focus of the pregluing construction described in [Z4] is attaching bubble trees 
of spheres to a fixed Riemann surface S. The present situation is of course different. However, 
the main ingredient in the pregluing construction is a smooth family of nearly holomorphic maps 
Qv '■ S„ — > Sfc, constructed using a metric on S. All other objects that appear in the above para- 
graph are essentially determined by the map g„, and the homeomorphism type of S^ plays little 
role. In the case H = 0, i.e. the principal component Sb^^ of the domain E^ of every element 6 

of hiq- {X] J) is a smooth torus, we choose a family of Kahler metrics {(76,)} on the fibers of the 

semi-universal bundle Htj, — >Uti^{X; J); see Subsection 2.2 for notation. If v = {b,v) is a small 



element of J-T and bQ = Tfp{b), we construct the map q-u ■ S^ — >S5 as in Subsection 2.2 of [Z4], 

using the metric gi,^ on S^^^. 

Remark 2: In the case H 7^0, i.e. the principal component Tih,'R of any bubble map b^iUj- {X; J) 
is the circle of spheres S^, we split the pregluing construction into two steps. The first step will 
correspond to gluing at the nodes H of the principal curve and the second to attaching the trees of 
spheres to the resulting elliptic curve. The bundle of gluing parameters J^Tq over UraiX; J) has 
the form 

for some line bundles Lr/^^^^.Q, Ltf^^j\.^i — >U'j-oiX; J). In addition, there exist bundle maps 

'P{h,i);0 ■ L{h,i);0 > ^Tq and 4'{h,i);l ■ L(h,i);l > ^To 

over U-TaiX; J) such that for all 6o ^^To{X; J) 

4'{h,i);o\bo '■ -^{h,i);o|bo ^ ^bo,h 4>{h,i);l\bo ■ -^(h,j);l|feo ^ ^^O,* 

are biholomorphisms that take (6o;0) to the node {h,i) of S^^. Let 

<Tro : Hto -^ J'To-s, where 6 £ C°°{Ur, {X- J);W^), 

be a semi- universal family of deformations of the elliptic curve S^, along with the marked points 
indexed by MqU /i, where Mq and /i are the sets of marked points lying on S^ and of first-level 
bubbles of the elements oiUq- {X] J), respectively; see Subsection 2.2. In particular, 

A small neighborhood in iXq-Q of the section Z^^i of cjt^, over ^7^, (X; J) corresponding to the 
node (/i, i) of S^ can be identified with the set 

U[h,i) = {{bo,v;x,y): boeUroiX; J); {bo,v)eTTo, (60, a;) GL(/,,j);o, (^0,2/) G^(h,i);i; 

\v\,\x\,\y\<S{b); xy = V(^h^i)}, 
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in such a way that aji^ {bo,v; x, y) = {bo,v) and the fibers of aro are identified holomorphically. For 
each ibo,v)£j^To.s, we set T,(^i,^^^) = a:^^{bo,v). Let 

o-To : %, — > %j = cTj-^ {Uto {X;J)) 

be a smooth map such that a'ro{'^(bo,v)) C Sb(,, (^ToIs,^, „) is holomorphic outside of the |H| open 
sets U(^h,i), 

~ /L ^ /(&o,O;0(/j,i);o(a:)), if \x\>2\v(^h^i)\'^/^; 

aTo{bo,v;x,y) = < ' ' ' . li {bo,v;x,y)eU(^h,i), 

i(&o,O;0(/,,i);i(y)), if\y\>2\v^h,i)r; 

and 17-7^,(605 1'; a^/i(^0;^)) = {bo,0;xh{bQ,0)) for all /i G Mq U/i and for all {bo,v) G TTq-s, where 
Xfi{bQ,v) is the marked point indexed by h on S(5,j ,;■) and V(/i,i) is the L(/j j)-component of v. The 
last condition can be used to define the points Xh{bo, v) for w /O. Let q(bo,v);0 denote the restriction 
of aj-Q to S(-j,j „). We choose a Riemannian metric on it such that its restriction g(bQ,v) to each fiber 
'^(bo,v) of cTTo is Kahler. Along the way, we have made a number of choices. These choices will be 
fixed once and for all. If t; G J-^T, let 

v^ = {b,vn), if v={b,Vi^,Vj), {b,vn)eTnT, {b^v^) ^TqT ® TiT; 

see Subsection 2.2. If v is sufficiently small, we denote by S^^^ the Riemann surface obtained from 
Tib by replacing the circle of spheres S^^f^ with \Mq\ U |/i| marked points, which together we denote 
by 60, by S(feu,„^). Let 

be the smooth map obtained by extending the map q{bn^^v)-fi by identity to the rational components 
of Sfe. We put 



V 



^ = {b{v^), {ql^Vh)^^f), where b{vn) = (S„^,ii„^), ii„^ =1*50, 



WK' 



and .* ^. = J^'^"«L,(«K)^^^^^ft('^K)S(io,^«)' if/iGA; 

\z;/,gC, if/iG/-/i. 

Let {T,y,jy,gy) be the Riemann surface obtained by attaching the bubble trees of spheres to the 
elliptic curve S^,f^, using the gluing parameter v and the metric ^f^,^ on the principal component 
^(6o,^k) °^ ^'-'K' '^i^ the procedure described in Section 2 and Subsection 3.3 of [Z4]. We take the 
key basic gluing map g„ : S„ — >T,b to be simply the composition qvn^qyU- 

Lemma 4.1 Suppose {X,lo,J) is a compact almost Kahler m,anifold, Ag H2{X;Z), and J sat- 
isfies the regularity conditions (a), (b-ii), and (c) of Definition 1.4- If T = (M,I,'R;j,A) is a 
bubble type such that A = J2iei^i ^'^^ ^i / for some minimal element i of I, there exist 
6,C G C{U'riX; J);R'^) and an open neighborhood Ur of Ur{X;J) in Xi^m{X,A) with the fol- 
lowing properties: 

— '% 

(1) for all v = {b,v)G ^T 5 , 

||7r„;_C||„,p,i < C(6)||^||,,p,i V^Gr(u), ||Dj,„e||t,,p<C(6)|t;|i/^||e||t,,p,i VeGr_(t;), 

and C(6)^i||^||„,p,i < ||Z?j,„C||„,p < C{b)m\v,p,i ^^&V+{v); 

(2) for every [b]£X^ j^{X, A)riUT, there exist v={b,v)£ TTs and C&^+{v) such that \\C\\^;^p^i<6{b) 
and [exp;,(„)C] = [6]. 
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This lemma is obtained by an argument analogous to that for Lemma 3.1. In particular, the 
bijectivity arguments in Section 4 of [Z4], with minor modifications, apply in the present situation. 

Corollary 4.2 If (X,uj,J), A, and T are as in Lemma 4-i '^''T'd M = 0, for every precompact 
open subset K ofUT^X; J), there exist 6k, Ck GM+ and an open neighborhood Uk C Uj- of K in 
Xi^^{X,A) with the following properties: 

(1) requirements (1) and (2) of Lemma 4-1 are satisfied; 

(2) if J is an almost complex structure on X s.t. \\J — J\\(ji <6k and \b\^UK nX'j'0(X, ^), there 

exist a smooth Riemann surface S and a smooth map u : S — > X such that \b] = [S,ii] and a 
linearization Dj - of dj at u is surjective. 

The proof is identical to that for Corollary 3.2. 

4.2 A Two-Step Gluing Construction 

We prove the analogue of Corollary 4.2 for bubble types T = (0, 1, b^; , A) such that Ai = for all 
minimal elements i of /, i.e. 

Ut{X; J) C Mi,0(X, A; J) - mf^^{X, A; J), 

in the next subsection. In this subsection, we modify the gluing construction of [Z4] in two ways. 
First, we subdivide this construction into two steps. At the first stage, we use Lemma 3.3 to 
smooth out all nodes of the domain of a stable map that lie away from the principle component. 
At the second stage, we smooth out the remaining nodes, but at this step it may not be possible to 
perturb each approximately holomorphic map into a J-holomorphic map. The second modification 
is that the second-stage approximately holomorphic maps are closer to being holomorphic than 
they would be if constructed as in Subsections 3.1 and 4.1 and in Subsection 3.3 of [Z4]. This 
modification is motivated by the pregluing construction of Section 3 in [LT]. The two adjustments 
allow us to obtain estimates on the behavior of the operator Dj - that are similar to the estimates 
of Corollary 3.6 for the operator 2) 



.00,60 

J.u 



If T= (M, /, 'ii;j,A) is a bubble type such that Ai = for all i G /q, let I^ C /, for /i G /i, be as in 
Subsection 2.2. We put 

A,{T) = Y,A,. 

Let TT/j : U!^ {X; J) — >u!^ {X; J) be the projection corresponding to the decomposition (2.11). 
Uv = {b,v) erf, let 

vo = {b,vn,vo), vi = {b,vi), V{h} = {Ti^h{b),V{h}) for /iG/i, if 

v = {b,v^,vo,vi), beUP{X-J), {b,v^)eT^, {b,vo)eW, vi = {v{h})j^^^^e^d\ 

heh 

The component vi of v consists of the smoothings of the nodes of Sf, that lie away from the principal 

component. In the case of Figure 5 on page 17, these are the attaching nodes of the bubbles /12, 

- — ' 
/14, and /15. The bubble map b{vi) for vi eT\T is of the bubble type 

r = (M,/o U/i, H;i,i), where i, = T' |^'^^°' 

[yli(T), if«G/i. 
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Similarly to (2.11) and (2.12), we put 

HfiX^J) =UtM) X {{hh)heh^\{nf^S^-,J):eMbh,) = ewQ{bh,) V/ii, /i2 G/i}, (4.1) 

hah 

where Tif {X;J) is the space of all J-holomorphic maps from P^ of type T/j. For each /i G Ji, 
5gM^, and v^TT as above, let 



K„hi^) = {{Kz)e{h]xS^:\z\> 6-^1^/2] C S„,,/,; 



Finally, if /i€/i and i£xi'^) ^ //i, we put 

Pi{v) = {b,Vi), where Vi = JJ Vj' G C. 

h<i'<i 

In the case of Figure 5 on page 17, 

P/ii(^^) = (^>1)> PhA'^) = i.b,VhJ, and phr,{v) = {b,Vhr,). 

Lemma 4.3 Suppose {X,uj,J) is a compact almost Kahler manifold, A G H2{X;'L), and J is a 
genus-zero A-regular almost complex structure. If T = (M, I, b^;j, ^) is a bubble type such that 
X^iG/^j ~ ^ ^'^'^ Aj = for all minimal elements i of I, for every precompact open subset K of 
Uq-{X; J), there exist 6k, Ck G I^^ o-nd an open neighborhood Uk of K in Xi^MiX,A) with the 
following property. If J is an almost complex structure on X such that \\J—J\\c^ ^^k, there exist 

a smooth map 



such that 

(1) the image of Im 0j.-^ under the quotient map 7i^{X; J) — >U^{X; J) is U^{X; J) f] Uk; 

' 

(2) evp(0j.-^(t>i))=evp(6) for all vi = {b,vi)(^TiT ^^\p.(o); 

'- — 

(3) ifvi^TiT^^\p.(o), heh, TTh{4>j-i{yi)) = {^ ,Uvuh), and6<45K, 






The smooth map ^j.^ is defined by 

Mh-M)) = (lPSexp„„^,jCj>^,j) V/iG/i, 

where vsi^-\ is as above and Cj„ is as in (2a) of Lemma 3.3. By (2c) of Lemma 3.3, the value of 
the map 7f/j((/>j.-|^(t;i)) at the attaching node of the bubble h is the same for all /i G /i, as needed, 
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and (2) of Lemma 4.1 is satisfied. The bound in (3) is simply a restatement of (2b) of Corollary 3.8, 
since 

\pi{v)\ = \pi{v^h})\ V hex{T)nh. 



With notation as above, for each v = (b,v), let 

be given by 

'^''''' -'^' (4.2) 

U, otherwise. 

We write 

'^J;i(^i) = ^j(^i) = {^vi,Uvi) G 7if{X;J). 

The domain E„^ of the stable map bj{vi) consists of the principal component S^,^ i<, which is either 
a smooth torus or a circle of spheres, and |/i| rational bubbles 'Sv^h, with /iG/i, attached directly 
to St,i,K- The J-holomorphic map m„j is constant on S„^^^. Let 

We denote by r_(t;i; J) C T{vi;J) the kernel of the linearization Djj^_, -, of the Sj-operator 
at bj{vi). 

For each h £ Ii, ^ G r_(7f/j(6)), and S, G T{v^hy,J) with ^{h,oo) = 0, we define i?^.^ G r_(6) and 
i?„ieGf(z;i;J)by 

^bCl^J = S ^ ^, . and RvrCiz) = < ^, . (4.3) 

10, otherwise; ID, otherwise; 

see the paragraphs preceding Lemma 3.3 and Corollary 3.8 for notation. We put 

f_(fe) = {RbC: (Gf^inhib)), heh} C r_(6); (4.4) 

f_(t>i;J) = {i?„,^:eGf_(t;|ft};J), heh} cr_{vi; J). 

Let R^ j: r_(6) — >T^{vi; J) be the homomorphism such that 

R^^jRb^ = Rv,K,,„J^ V CGf_(7f;,(6)), /iG/i, 

where R^ j: r_(7fft(6)) — >T^{vri^y, J) is the homomorphism defined just before Corollary 3.8. 

- — -0 
If t; = (6, w) G J^T^^ I ^(0) , let 

^J = {bj{vi),vn,vo). 

We denote by (S„,j„) the smooth Riemann surface constructed as in Remark 2 of Subsection 4.1 
and by 
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the corresponding basic gluing map. We next construct another map 

by defining the map 

By construction, S/^; . . •. is a smooth torus '^vn,ii with |/i| bubbles attached at the points 

{xh{vn)}heii of ^vn,i<- For each /iG/i, we identify a small neighborhood Uh{vn) oi Xh{vi^) in S^,f^,H 
with a neighborhood of Xh{vi^) in T^^(^jj^-^T,y^^n, biholomorphically and isometrically, with respect to 
the metric g^^^ on S„^ ^ of Remark 2 in Subsection 4.1. We assume that all of these neighborhoods 
are disjoint from each other and from the |H| thin necks of S^^^h- If ^ G Uh{vn), we denote by 
z — Xh{vn) the corresponding element of T^^(„^)S„^^h and by \z — Xh{vi^)\ its norm with respect to 
the metric ^^^ . Let /3 : M^ — > [0, 1] be a smooth cutoff function such that 

P{r) = r; •J^'^i' a^d /3'(r)/0ifrG(l,2). 

1, if r>2; 



For each eGM+, we define /?,gC°°(M;M) by /3,(r) = /3(r/^). If |z-x,,(i;k)| <2V^> we put 



.„>.M = (l-fe.(2|.-.-»(.>.)l))(j3^)€Ci 
where wq = {vh)heii- By construction, the smooth Riemann surface S„ is the main component 



9t,«(^) 



G/i; 



{h,qs{q;;^_.f^{z))) G S(^,(^^)^„^)^^, if |z-a;/,(t>H)|/^/3^< 1, h 
^ ^ ^{bj{v^),v^),H^ otherwise, 



where qs '■ C — > S*^ is the standard (antiholomorphic) stereographic projection taking the origin in C 
to the south pole in S*^. Like the map qvo;2, Qvo;2 smooths out the nodes of the principal component 
and stretches small neighborhoods of the points Xhivf^) around the |/i| bubbles. Furthermore, 

\\dqvo;2\\co<C{b), (4.5) 

for some C G C°°{Ut{X; J); R+), if the norm is taken with respect to the metrics Qy on S„ and (7„^ 
on S„j, constructed via the basic gluing maps q^ and g„^, respectively; see Subsection 3.3 in [Z4]. 
The map qvo;2 is a homeomorphism outside of |H|+|/i| circles of S„ and is biholomorphic outside of 
the |H| thin necks corresponding to the nodes of the principal component of S^ and the |Ii| annuli 
A^f^UA^f^ with hell, where 



A^^f^ = {zeJ:y:l/2<\z-Xh{v^)\/^/6K<l}, 
A-^^j^ = {zGS„: l<\z-Xh{vH)\/V^<2}. 
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The key advantage of the map qvi_y,2 over qvo;2 is that 

IM^«o;2||cO(^-j<CWb/*l V/iG/i; (4.6) 

this bound is immediate from the definition of the norms. 

If 4>j.^{vi) = {T,v^^Uv^) as above, we take 

bj{v) = {T.y,jy,Uy), where Uy = u^^ o g„y.2, 

to be the approximately J-holomorphic map corresponding to the gluing parameter v at the present, 
second, stage of the gluing construction. By (4.5) and (4.6), 



— \ — ^ II II p — ^ 

\duv\v,v<C{h)\duv^\^^^p and ||9jiit,||t,,p < C(6) 2^ ||(iu„J^- ||„^^p|f/i| *> , (4.7) 

/le/i 



where -4~^ = g„Q;2(^^^) C Si,^ and || • ||„^p and || • \vx,'p are the norms corresponding to the basic 
gluing maps g„ and g^^; see Subsection 3.3 in [Z4]. The second bound follows from the fact that 
the map u^^ is J-holomorphic on S„^ and is constant on the principal component of S^^; thus, 
djU^u is supported on the annuli -4^^, with h^l\. 

\iv = {b, v) , we denote by 

T{v) = Ll{ll^-ulTX) and T^^^{v-j) = LP(S„;A°'^. T*J:^0uITX) 

the Banach completions of the corresponding spaces of smooth sections with respect to the norms 
II • ||u,p,i and II • ||,;,p, induced from the basic gluing map q^ : S„ — > S^, as before, and the J-compatible 
metric 

9ji-, •) = 2^9xiJ; J-) + gxiJ; J-)) 
on X. We put 

where -R^,^^ = C ° qvo;2- Let 

With Cj„ as in (4.2), we set 

r_(t>) = {R^,U^.jCoq.,):^GT.{b)} C r(t;). 

We denote by r+(i;) the L^-orthogonal complement of r_(f ) in T{v), as in Subsections 3.1 and 4.1. 

It remains to describe the obstruction bundle, i.e. a complement to the image of r-|-(i;) under Dj^^, 
or Dj ^ if J is sufficiently close to J. First, we describe the Fredholm situation along Uj- {X; J). 
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The linearization Dj^h of the 9j-operator along Uj- {X;J) is not surjective. From the decompo- 
sition (2.11) and the regularity conditions of Definition 1.3, we see that the cokernel of Djh, for 
b&Uq- {X; J), can be identified with the vector space 

of (Ti^y^/^X, J)-harmonic antilinear differentials on the main component St^n- In other words, if 
ipGTib^H is a nonzero harmonic (0, l)-form on T,f,^^, 

If H 7^0, i.e. Sfe^^ is a circle of spheres, the elements of Fj (6; J) have simple poles at the nodes of 
Sfc^H with the residues adding up to zero at each node. Let 

be the vector space of (T^y^j-j^X, J)-harmonic differentials on the main component 'Sb,n of S^. If 

- — '<D 
v={b,v)^J^Tg^\j^(o), with notation as above, let 

be the space of (T^y^j-^jX, J)-harmonic differentials on the main component S„^^^ of T,y^. If H = 0, 
We now construct a homomorphism 

For each h£li and z£A~ ^(4(5;^), we define 

Cb;v{^) ^'^cvp{b)X by exp;f^^(j,)CM(^) =^f«i(^), |Cb;«(^)| < '^J, 

where exp is the exponential map for the connection V and rj is its injectivity radius. If 
r/GFj {v^; J), we define R^ri£r^'^{v; J) by 



{R'^r^},w = { 



0, ifV5]?^=^#^<i ^G/i; 

I t^n. I ^ 

r]z{w), otherwise. 



for all z G S„ and w G T^T,^, where XI"' denotes the parallel transport of the connection V"'. Let 
Fj {v; J) denote the image of Fj {v^; J) under R^. 



■-0,1/, J\ J ~^-nO,l 



If77GFj (6;J)and^GFj (fj^ ; J) , we put 



heh heh 
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where |^Uh(b) is the norm of ??Uh(6) with respect to the metric gj on X and the metric gjrp{b) on 
Sfc^H- Similarly, |??|^^(fc,(„j) „^) denotes the norm of ^l^^^^.^^^^^^^-j with respect to gj and the metric 
9{npib),vi,) on S(^^_(^^)_^^)_^ = S(j^(6)^„^). If K/ 0, we can obtain an isomorphism 

R^^:T^_l\b;J)-^T^_l\vr,J) 
by requiring that 

If H= 0, we take Ry^ to be the identity map. In either case, we denote by 

i?„:r°_:\6;J)-^r°;\t;;J) 
the composition R^oR^^. It is immediate from this construction that for every gG [1, 2), 

\\RvV\l^g<Cg\\v\\ V7?Gr°j\fe;J). (4.8) 



Finally, we denote by Dj^^ the linearization of dj at bj{v) defined via V and by Dj ^ the lin- 
earization of Bj at bj{v) defined via V . Let Z)*- denote the formal adjoint of Dj ^, defined with 
respect to the metrics g^ on S„ and gj on X; see Chapter 3 in [McSa]. For any /i€/i and (^€M^, 
we take 

i+.('J) = 'z:|(<,.(<J)), A-,{5)=q;;^l.^,{A;;^^,{6))=qy'{A^^,{S))cJ:y, 

and d-A-,i6)=q-l,{d~A-^,i5)), 

where A~ ^(5) and d''A^ ^((5) are as in the paragraph preceding Lemma 4.3. If li,l2 ^TqX for 
some q£X, we put 

{Yi, Y2)j = gj{Yi, Y2) + xgj{Yu JY2) G C. 

Similarly, if r/i, 1^2 G r^'^{v; J), we put 

{{vi,V2)) = {{m,m))v,2 + i ((??i, ^??2))«,2 G c, 

where ((-,•))«, 2 is the (real-valued) L^-inner product on T^''^{v;J) with respect to the metric gj 
on X. Note that by Holder's inequality and (4.8) 

|((7?',i?„7?»J<C||7?||||7?'||„,p Vr/Gr°_;^(6;J), r/'GrO'i(t>; J). (4.9) 

Lemma 4.4 // (X, w, J), A, and T are as in Lemma 4-3, for every precompact open subset K 
ofUT{X;J), there exist 5k,Ck ^^^ o-nd an open neighborhood Uk of K in Xi^MiX,A) with the 
following property. If J is an almost complex structure on X such that ||J — J||f;i <Sk, 

(1) the second-stage pregluing map, v — >bj{v), is defined on .FT^^j^jo)/ 

(2) for every [6] G X\ j^{X , A) r\U k , there exist v^TT^ \k^'-^) o,nd Q £T j^{v) such that ||Clk,p,i <<^i^ 
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and [exp^^_(^)C] = [^]; 

- — -0 
(3) for all V = (6, v) G TTs^ |^(o) , 



, P-2 , 



\\dju4^^p<CK\p{v)\, \\DjJ\\,^p<Ck\v\ p ||eL,p,i V^Gr„(t;;J), 

and Cj,'mkp,i<\\DjJ\\^^p<CKm\v,p,i VeGr+(r;); 

^ — 

(4) for allv = {b,v)^TT^^\^(o), heh, and (er_{v;J), 

\\Dj^J\Up < Ck\p{v)\ ■ Ulkp^i and U\A+^isJl,p,i < Ck\v\'^p\p{v)\ ■ Ulk^x, 

(5) for allv = (b,v)eJ^Tg^\j^^o), ^^i'-ib), andr]£T^ {b;J), 

\\R^j^\\v,p,i < U\\b,p,i, \\Rvr]\ji-^^4SK)\\v,2-^K\v\'^^'^\\v\\ V/iG/i, 

iex(r) 

< Ck{\\J-J\\c^ + \v\'/'' + \v\^''~'^/'')\p{v)\ ■ WvWmWpX, 

(6) for allv = {b,v)£j='Tg^\j^^o) andr]£T_l {b;J), 

(7) for allv = {b,v)eJ^TgJj^(^o), C^'i^iv), andr]eTl {b;J), 



Remark: In (6) above, (•, ■)i, denotes the combination of the inner-product defined before Lemma 4.4 
with a contraction. More precisely, 



{Vj.{b,v),r]^)i, = tl,^{v){Vib,Y) if ri = ij®Y (^¥.*®eY*pTX- 
see the paragraph preceding Lemma 3.5. 

The first statement of this lemma is essentially a restatement of Lemma 4.3, in the light of the 
constructions following Lemma 4.3. In (2), 

exp^j-(«)C= (S«,Ji;,exp;(^C), if bj{v) = {Y.^,j^,u^). 

The arguments of Section 4 in [Z4] can be modified, in a straightforward way, to show that for every 
\b] G X^ M^-^^ ^) sufficiently close to 1Jt{X] J), there exists a pair {v, C) as in (2) of Lemma 4.4 and 
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this pair is unique up to the action of the group Aut(T) oc (S^)^ , i.e. the present two-stage gluing 
construction retains the essential bijectivity property of the one-stage gluing construction in [Z4]. 
The key point is that the metrics g^ on S„ and the weights used to modify the standard Sobolev 
norms, as in Subsection 3.3 of [Z4], are the same in the one-stage gluing construction and in the 
present case, while the difference between the data appearing in the two constructions is very small. 

The first bound in (3) of Lemma 4.4 is immediate from the second bound in (4.7) and (2b) of 
Corollary 3.8, since 

The two bounds in (4) follow from (2e) of Corollary 3.8 in a similar way. The second estimate 
in (3) is obtained by the same argument as the second bound in (4.7). The final claim of (3) is a 
consequence of the analogous inequalities for Dj^^', see Subsection 3.5 in [Z4]. The first inequality 
in (5) is clear from the first inequality in (2d) of Corollary 3.8. For the second one, it is enough 
to observe that the L^-norm of a one-form is invariant under conformal changes of the metric on a 
two-dimensional domain, while the larger radius of the annulus A~ i^{6) is |f/ip^, with respect to 
the metric Qy^ on S„^ ;<. 

For the remaining three estimates, we observe that for any /iG/i, 

\Dl,RvVL,z<CK\duy\g^,M\ yzeA+^{6K), (4.10) 

\D*J^Ryr]\g^^w^, <CK\duy\g^^w^j^^^\\r]\\ \/wh = — ^A~j^{5K), and (4.11) 



\Wh\ z 

, - p r,\ < r.rA^^\All I 



\D*-^,RyVi\g^^^^<CK{\^duy\g^^^^)\vh\\H\ V^/, = ^ G i" ^4,5^^ ) - i" ^,5^^ ) , (4.12) 



where z is a holomorphic coordinate on a neighborhood of Xhiv-^ in Yj-^, which is unitary with 
respect to the metric g^^ on S«^,N) and \z\ denotes the norm in the standard metric on C. These 
estimates are obtained by a direct computation from an explicit expression for D*- , such as the one 
in Chapter 3 of [McSa], and simple facts of Riemannian geometry, such as those in Subsection 2.1 
of [Zl]. The difference between (4.11) and (4.12) is due to the fact that the cutoff function used 
in the construction of RyT] is constant outside of the annuli ^"^(4(5^) — yl~^((5ft:), with h£li. An 

explicit computation of the contribution of this cutoff function on A^ f^{4:5K)—A^ ^{5k) is given in 
Subsection 2.2 of [Z3]. From the definition of the map qvo;2 and the metric g^, it is easy to see that 

|cig^„o;2|,„,,<4|^ yzeA+,{6K) and |dg„„;2|,^,^^ < 4 Vu;, = ^Gi-,(45^). (4.13) 

By (4.10), the first bound in (4.13), Holder's inequality, and a change of variables, we obtain 

II * I II II I II I |P~^ 

\\Dj RyTil 7+ /c N , < CKllduvA- I A+ (X \\\ \vh\ p \\ri\\ 

i&x{T)r\ih 

by (2b) of Corollary 3.8, since go;2(i+,,(<J/^)) C A^^ ^^di-/,]). Similarly, by (4.11), (4.12), the second 
bound in (4.13), and Holder's inequality, 

\\D% Ryri\i- ,.c Jl , < Cxi'^ + WduyA A- ua \\\ )\vh\ • WvW 

II J^'^ ^ '^A^f^{A5K)\\v,l — -"V 'II "iIA^^_^(45k)IIui,p/I '^i h'h (A^K\ 

< c'K\vh\ ■ hW, 
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by (2b) of Corollary 3.8. Since D*j R^rj is supported on the annuli A^ ^((5i^)uA^^((5i^), with /iG/i, 
by (4.14) and (4.15), 

||I?}^„ii.r?||„,i < CK\v\^P-^^/^r^\\. (4.16) 

The last inequality in Lemma 4.4 is immediate from (4.16), since p>2. 

We next prove the last estimate in (5) of Lemma 4.4. By the first inequalities in (2d) and (2e) of 
Corollary 3.8, for all ^Gf_(6), 






(4.17) 



By (4.10), the first bound in (4.13), (4.17), a change of variables, and Holder's inequality, we obtain 

3 1 



<c'K\vh\'/' Yl \p^(^)\■\\v\m\\b,p,l, 



(4.18) 



iex(T)n/h 



by (2b) of Corollary 3.8. Since the map go;2 is holomorphic outside of the annuli Af^ f^ with /jG /i 
and RuC vanishes on A'^f^, 



i€llA,h 

Since A^f^cA^f^{5K), by (4.18) and integration by parts, 



heii^ A,h 






Thus, by a change of variables and the definition of R^ j, 

-El 






Wt 



(4.19) 



<CK\v\'/'\p{v)\-Mmb,p,i, 



where Wh = Vh/ z. The last estimate in (5) of Lemma 4.4 is immediate from (4.19) and the second 
estimate in (2d) of Corollary 3.8. 

It remains to prove part (6) of Lemma 4.4. Let("5-i,:^^ ^(4(5^) — >Tcvp(5)X be as above. If/iG/i 
and zG^^^, 

|n^~^ i.\°^j^''j~^j ,ACb-,v°qvo-,2)\<Cx\lh-,v°qvo-,2\z\d{Ch-,v°qvo-,2)\z] (4.20) 
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see Subsection 2.3 of [Zl]. Thus, by integration by parts, if r/ = y®(iz, 



{djUy^R^ri)^- i) _ {C,b;vqvo;2{z),Y)dz 
A . Jd-A. 



^b.h 



(4.21) 



<Cx \Cb;v°qvo;2\z\d{Cb;v°qvo;2)\^dzdz ■ WrjW, 

since Cb;v vanishes on S„^ j^. Since 

dwh 



{Cb;vqvo;2{z),Y)dz = - i) {Cb;v{'^h) , Vx,,(b){Vi) / 2' 

where Wh is as in the two previous paragraphs, 



I {Cb;vqvi,;2{z),Y)dz + 2m V (Pj, 



iPi[V),VxUb)/b 

iehnxiT) 



(4.22) 



by the two estimates in (2c) of CoroUary 3.8. On the other hand, by Holder's inequahty, change 
of variables, (2b) and the first estimate in (2c) of Corollary 3.8, 



\Cb;v°qvo;2\z\d{Cb;v°qvo;2)\zdzdz < CK\\Ch;v\\co^g^^^^,^^^-^)) ' K\ ^ P^^l lg-„„;2(A^ J Hfl.P 

(4.23) 
<C'k 5]|/^.(^^)|^ 
iehnxir) 



since qvo;2{-^h h) C A^ h{\vh\'^ /^k)- Since djUv is supported on the annuli Af^f^, with /i G /i, the 
estimate (6) of Lemma 4.4 follows from (4.21)-(4.23). 

4.3 Some Geometric Conclusions 

We now use the two-step gluing construction of the previous subsection to conclude the proof of 
Theorem 1.6. 

Corollary 4.5 Suppose {X,uj, J), Aj/^O, and T are as in Lemma 4-3 and M = 0. If J satisfies the 
regularity conditions (a) and (b-i), for every precompact open subset K of Ur{X;J), there exist 
(^E" , Cx G M^ and an open neighborhood Uk of K in Xi(i){X,A) with the following properties: 

(1) all requirements of Lemma 4-4 ^^6 satisfied; 

(2) if J is an almost complex structure on X s.t. \\J — J\\c'^ < 5k and [b] £ dJt^ ^{X , A; J) , the 
linearization D j ^ of dj at b is surjective. 

Proof: (1) We continue with the notation preceding Lemma 4.4. By Lemma 4.4, it can be assumed 
that 

6= (S„,j„,u„), where u„ = exp;(^Cj,„, ^^^'^SkIrW^ Q,v^'^+('^)^ Kj,v\\^,p^^^k, 
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for some Sk G (0, 6k) to be chosen later. Since djUy = 0, 

dj^v + Dj^^Cl. + Nj^^d. = 0, (4.24) 

where Nj ^ is a quadratic term. In particular, A^j^O = and 

\\Nj,v^-Niv^'\l,p < Ci^(ii^ii.,p,i+iie'ii.,p,i)ii^-e'ik,p,i, (4.25) 

if^,eeT{v) and m\v,p,i,\m'v,p,i<^K. By (4.24), (4.25), and (3) of Lemma 4.4, 

||Cj,JL,,,i<Ci,|p(t;)|, (4.26) 

provided 6k is sufficiently small. 

(2) Since Uy is J-holomorphic, all linearizations Dj,^ of dj are the same. We give an explicit 
expression for -Dj - and show that the dimension of its kernel does not exceed the index of -Dj -. 

For any ^Gr(S„;i2*rX), let 

We put 

by (4.24). By (4.25), we can write 

where Nj ^ is a quadratic term, while the linear map Lj ^ : r(t; ) — >T^'^{v; J) satisfies 

||Lj>eL,p < CK\\cjjv,p,imkp,i < c'K\piv)\ ■ mkp,! v i€T{v), (4.27) 

by (4.26). We conclude that 

Dj- = Uc- o(Dj +Lj ) onr^ . 

J,U ',J^v V J,v J,vl Cj.i, 

Thus, it is sufficient to show that the dimension of the kernel of Dj ^ + Lj ^ does not exceed the 
index of Dj ^. 

(3) Suppose ^Gker(Dj^ + Lj^). Since the dimension of T^{v; J) is the same as the dimension of 
r_(t; ), by (3) of Lemma 4.4, we can write 

e = e-+e+, where ^-eT^{v;J), U^^+iv)- 

If 6k is sufficiently small, by (3) of Lemma 4.4 and (4.27), 

lk+lL,P,l - Ck{\\Dj J-\\y^p + \\Lj J^Wy^p) 

, P-2 (4.28) 

<C'K\v\ — U-\kp,i Ve-+e+Gker(Dj^„ + Lj^J. 
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Thus, the projection map, ^ — > ^_ is an injection on ker(L'j^ + Lj^). We denote its image 
by VLiv; J). Furthermore, by (4) of Lemma 4.4 and (4.27), 



(4.29) 



U4v,p,i^Ck{\\Dj^^U\v,p + \\LjJ-\[o,p) Ve-Gr_(t;;J), 

< C'K\piv)\ . U-\kp,i e-+e+Gker(Dj_„+Lj_J. 

(4) We now use Lemma 4.4 to estimate the L^-inner product of {Dj ^ + Lj^}(^_ +^+) with an 

element Rvf] of Fj {v;J), whenever ^^ £ F_(t;; J), ,^_|_ £ F+(t;), and ^_+^+ G ker{Dj^ + Lj^}. 
By (4.9), (4.27), and (4.29), 

\{{LjJ+,R,r]))\ < CK\p{v)f ■ \\v\m-\\v,p,i, Ve-Gf„(t;;J). (4.30) 

By (4.29) and (7) of Lemma 4.4, 

\{{Dj,^^+,R,r]))\<CK\v\'/Mv)\-\\r]\\U-Up,i, V C- ef _(t;; J). (4.31) 

For each /iG/i, by (4.27) and (5) of Lemma 4.4, 

<Ck\v\'^\{v)\-M\U\\v,p,i; y^GTiv). 



(4.32) 



Since the metric g^o on the annulus A^.^((5/^) differs from the standard metric on the annulus with 
radii 1\fbK and yjt^ by a factor bounded above by four and below by one-quarter, 

||e||c« < CKWiUpA V CGF(i+,(5;,);<rX); 
see Subsection 3.1 in [Zl] and Subsection 3.3 in [Z4]. Thus, 

<C'^ El/'^(^)l-|kk.,fe)L,P,i veer(.). 



(4.33) 



since (4.25) is obtained from a pointwise bound; see Subsection 2.4 in [Zl]. By (4.27), (4.33), 
and (4) of Lemma 4.4, 



(^J>^-U+,{5k)'^'^'?))I ^ <^^ll^lllk- 



AI.^^{&k)\\v,p,\ 



(4.34) 



JGx{r)n7h 



-.0,1, 



Since the intersection of the support of ^_ G F_(t;; J) with the support of R^t] G FJ iv;J) is 
contained in the |/i| annuh A~f^{4SK)^A'^.h(.^K), by (4.32) and (4.34), 



\{{LjJ.,R,v))\ < Ck\v\'^p\p{v)\ ■ \\v\m-\\v,p,i V7?GF°:\6;J), e-Gf_(t;;J). 
Finally, by (4.30), (4.31), (4.35), and (5) of Lemma 4.4, 



(4.35) 



(4.36) 
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for all ^Gr_(6) and S,+ er+{v) such that i?^ j^ + ^+ Gker(Dj^ + Lj^). 

(5) Let {rjr} be a basis for Fj (6; J) = IE| .^n (gijTev^(f,)X, orthonormal with respect to the inner- 
product corresponding to the norm || • ||. We define the homomorphism 

D„:r(t>;J)^r°_:^(6;J) by T)^^ = Y,{{{Dj,, + LjJ{^H+),RvVr))Vr 

r 

if e+Gr+(t;), e+e+Gker(Z)j,^ + LjJ. 

Since the projection map ker{D j ^ + Lj ^) — >ri(f ; J) is an isomorphism by (3) above, the map 
1)y is well-defined. By definition, 2)„ = 0. On the other hand, by (4.36), 

^vRyJC = -27^iY,{^J,b■,i+ei{v)}^0p^{v) y^ e R-}T*_{v; J), (4.37) 

where ei{v) : R ~=r!L(f; J) — >T|,y^(^)X is a homomorphism such that 

\e^iv)\ < Ck{\\J-J\\c^ + \v\'^^ + \v&-'^^'') yvGfirl\^,,y (4.38) 

By (a) and (b-i) of Definition 1.4, the map 

^J,b;i' r_(6) > Tcv^(5)X 

is surjective for all i G x('^) j see the paragraph preceding Lemma 3.3. Since pi{v) ^ for all i G /i 
and vGTT^ it follows from (4.37) and (4.38) that if ^k is sufficiently small, 

dimkerDj - = dimker(Dj^-l-Lj^) = dimrl(u; J) = dimker2)„ 

< dimr_(t>; J) - dimL^l^ft; J) = dimr_(6) - dimr°;\6; J) 



indl?j^b = indDj-, 



as needed. 



Corollary 4.5 concludes the proof of the genus-one regularity property of Theorem 1.6. Corollary 4.6 
below and the Gromov compactness theorem imply that if J is a genus-zero A-regular almost 
complex structure on X, J^ is a sequence of almost complex structures on X such that J^. — > J 
as r — > cx), and 6^ G '^\ M^-^-'^'^'^'r)-' then a subsequence of {6^} converges to an element of 

Corollary 4.6 If (X, a;, J), A^O, and T are as in Lemma 4-3, for every preconipact open subset 
K ofUq-{X; J)—Uq--i{X; J), there exist J/^gR'^ and an open neighborhood Uk of K in Xi^m{X,^) 
such that 

TllMiX,A;J)nUK = 9 

if J is an almost complex structure on X such that || J— J||f;i <6k- 

Proof: (1) Suppose [b] G OJI^ ]^^{X, A; J) n Uk- By Lemma 4.4, it can be assumed that 

6= (S„,j„,n„), where n„ = exp;(^Cj,„, ^^^'^SkIkW^ Q,v^'^+(^)^ \\Cj,v\\v,p,i<^k, 
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for some Sk G (0, 6k) to be chosen later. Since djUy = 0, 

dj^v + ^j,„Cj,. + A^j,„0> = 0. (4.39) 

By (4.25) and (3) of Lemma 4.4, 

\\Nj,.CjJI,,<Ck\\CjJI,,,, =^ \\CjJL,,,,<CK\piv)\, (4.40) 

provided 6k is sufficiently small. 

(2) If r/Gr?:^(6; J), by (4.9), (4.40), and (7) of Lemma 4.4, 



\{{Dj,^Cj,.,Rvv))\ < CK\v\'%iv)\ ■ M\ and 
\{{Nj,vCj,v^RvV))\<Ck\p{v)\''-M. 



(4.41) 



By (4.39), (4.41), and (6) of Lemma 4.4, for all r]eT^_l^{b; J), 



I E(^<^-^'^^(^)'^-.wW>^| ^ CK{\\J-J\\c^ + \v\'^^ + \v\^''-'^/'')\piv)\ ■ M. (4.42) 

On the other hand, since the closure of K in Uq-{X; J)—Uq--i{X; J) is compact, 

I Y.'^j,i{b,vi)\ > C^>| V 6Gi^(0), v = {vi)i<,^^r), (4.43) 

for some Ck G ^'^i by definition of the set UT-iiX;J) C Uq-{X;J); see Theorem 2.3. Since 
T°/{b;J)=E*(S)ev*pTX, (4.42) and (4.43) imply that 

\\J-J\\ci + \v\^/'' + \v\^''~^^^''>Ck\ 
as needed. 

5 Completion of Proof of Theorem 1.2 

5.1 Summary and Setup 

In this section we sketch proofs of Propositions 5.1-5.3, based on the arguments of Sections 3 and 4. 
Detailed proofs of generalizations of these propositions can be found in Section 5 of [Z6]. These 
three propositions are special cases of Theorem 1.2, but together they imply Theorem 1.2 for an 
arbitrary compact almost Kahler manifold {X,cv,J), Jt = J constant, and A£H2{X;Z)*. They 
also show that a limiting curve of a sequence of J-holomorphic curves in X of arithmetic genus 
of at least one must have arithmetic genus of at least one as well, as is the case in algebraic geometry. 

Suppose {br} is a sequence of elements of 971^ Aii^^ ^5 J) such that 



lim br = bemi m{X, A; J). 

- — >oc ' 

, A; o 
element of Ut{X; J) for a bubble type 



We need to show that fteSJI^ J^^{X,A■, J). By Definition 1.1, it is sufficient to assume that b is an 



r=(M,/,H;j,A) 
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such that Ai = for ah minimal elements iGl. 

We can also assume that for some bubble type 

r={M,r,H';j',A') 

br GU-j-i^X; J) for all r. If A'- = for all minimal elements i G I', the desired conclusion follows 
from Proposition 5.1 below, as it implies that the second condition in Definition 1.1 is closed with 
respect to the stable map topology, li A'-^O for some minimal element i G /' and K' 7^ 0, i.e. the 
principal component of E^^ is a circle of spheres, Proposition 5.2 implies that b satisfies the second 
condition in Definition 1.1. Finally, if W = 9 and A'-^O for the unique minimal element i of /', the 
desired conclusion follows from Proposition 5.3. 

We note that the three propositions are applied with b and br that are components of the ones 
above. 

Proposition 5.1 Suppose {X,lo,J) is a compact almost Kahler m,anifold, A£H2{X;Z)* , and M 
is a finite set. If [br] is a sequence of elements in 0712 (n\uj^{X, A; J) such that 

lim [br] = [b] G Ur{X- J) C Mo,{o}um(^,^; J), 

r >oo "- ^ 

then either 

(a) dime S>an(c, J) {Afe: i^x{b)} < \x{b)[, or 

(b) a°^iU'>rC-^6^r'C 5pan(c,j)m6: iGxib)}. 

Proposition 5.2 Suppose {X,uj,J) is a compact almost Kahler manifold, 

nGZ+, Ai,...,An£H2iX;Zy, 

and Ml, . . . , M„ are finite sets. If [bk^r] is a sequence of elements in 9JIq jq ^um ("^' "^k'l J) for each 
k £ [n] such that 

evi(6A:,r) = evo(6fe+i,r) VA;e[n-l], evi(6„,r) = evo(6i,r), and 

lim [bk,r] = [bk] G Ur(k){X- J) C Mo/o,i}uMfe(^,^fc; J) Vfce [n], 

where each T^'^) = ({l}UMfc,/('^); j('^),^('^)) is a bubble type such that A\ ' = {) for all i<ji, then 

k=n 

dime Span(^c,J){'^ibk- i^xih), ke[n]} < ^|x(&fc)l- 

fc=i 

Proposition 5.3 Suppose {X,uj,J) is a compact alm,ost Kahler manifold, A£H2{X;Z)*, and M 
is a finite set. If [br] is a sequence of elements in Wl^ j^f{X,A; J) such that 

lim [br] = [b] £ Ur{X; J) C Tli m{X, A; J), 

r >oo ' 

where T = {M,I,'i^;j,A) is a bubble type such that Ai = for all minimal elements i £ I, then 
dime Span(^Cj){Vib: i£x{b)} < \x{b)[. 
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We prove these three propositions in the next two subsections by combining the approach of 
Sections 3 and 4 with some aspects of the local setting used in [LT]. The latter makes it possible to 
proceed with the genus-zero gluing construction of Subsection 3.1 and the first step of the genus- 
one gluing construction of Subsection 4.2 near a given bubble map b even if J is not genus-zero 
regular. The maps we encounter are not holomorphic on the entire domain, but are holomorphic 
on the parts of the domain that appear in Lemma 3.4. This is sufficient for the purposes of the 
key power series expansion in Lemma 3.5. 

5.2 Proofs of Propositions 5.1 and 5.2 

Let {X,uj,J), A, M, br, 

b = {M,r,x,{j,y),u), Ui = Ub\j:^^, 

and T be as in the statement of Proposition 5.1. We put 

I+ = {iGl:A,^0}. 
For each i(£l^ , choose a finite-dimensional linear subspace 

such that 

e{{idXUb,^r7]■.7]Gt'h\b■,i)} 

and every element of F J (6; i) vanishes on a neighborhood of cx) G 'Sb,i and the nodes Xb^h G '^b,i 
with ih = 'i- lii£l—I^, we denote by Fj {b;i) the zero vector space. Let 

Ut{X; J) = {b' = {M, I; x' , {j, y'),u') : b' = bubble map of type T; 

djju'i G {idxu^}*f°_'^(6;i) ViG/}. 

By the Implicit Function Theorem, Ut{X; J) is a smooth manifold near b. Let 

rf = Ut{X; J) X d 

be the bundle of smoothing parameters. 

Since the sequence [br] converges to [b], for all r sufficiently large there exist 

b[. G Ur{X; J), Vr = {b'r^Vr) G FT , and ^,. G F(t;r)=F(S„^; u*^TX) 

such that 

^r(oo) = Vr, lim b[. = b, lim lu^j = 0, lim ||Cr||?Jr p i = 0) (^-l) 

r — >oo r >oo r >oo ' ' 

and br = fscpb{vr) ir- 
The last equality holds for a representative br for \br\. 
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Remark: The existence of 6J,, Vr, and ^^ as above can be shown by an argument similar to the 
surjectivity argument in Section 4 of [Z4], with significant simphfications. In fact, the only facts 
about the bubble maps 6J, we use below are that they are constant on the degree-zero components 
and holomorphic on fixed neighborhoods of the attaching nodes of the first-level effective bubbles, 
i.e. on S^, (6) in the notation of Subsection 3.3. Such bubble maps 6J,, along with Vr and $,r, can 
be constructed directly from the maps 6^; see the beginning of Subsection 4.4 in [Z4]. 

By the same argument as in the proofs of Lemma 3.5 and Corollary 3.6, but now applied to the 
sequence {vr,^r) with sufficiently small 5k, 

V^br- Y.i'^'^'r)pi('^r)\<C{\vX/P + Ur\\vr,p,l) J^|p*K)|. (5.2) 

This estimate follows from equation (3.18) with b' , v', and (j^, replaced by b'^, Vr, and ^r, respec- 
tively. Recall that <l>j^, (oo) = id for J = J. Since 6J, — >b, (5.2) implies that 

V^br- J] (Afo)p*(^r)| <C(|t>,|l/P+||er|U.,p,l) J^|/>i(t^r)|, (5.3) 

where the difference is computed via a parallel transport of T^^^ti,! \X to TCTQ(fe)^ with respect to 
the J-linear connection V"'. By (5.1) and (5.3), b must satisfy one of the two conditions in the 
statement of Proposition 5.1. 

The proof of Proposition 5.2 involves a similar extension of Lemma 3.5 and Corollary 3.7. By the 
assumption on the bubble types T^^^ made in Proposition 5.2, evo(6fc) =evi(6fc) for all k. Thus, 

evi(6fc) = evo(6fc) = evi(6/) yk,l £ [n]. 

Let q denote the point evo(6i). We identify a small neighborhood of q in X with a small neighbor- 
hood of q in TqX via the exponential map of the metric gx and the tangent space to X at a point 
close to q with TqX via the V'^-parallel transport. 

For each pair {k, r), with r sufficiently large, let (6'^ ^, Vk,r, Ck,r) be an analogue of (6^, f^, Cr) for b^^r- 
As before, the key point is that the bubble maps 6^ ^ are constant on the degree-zero components 
and holomorphic on fixed neighborhoods of the attaching nodes of the first-level effective bubbles. 
Let 

Ck,r = evQ^b'f,,.) £ TqX and 
Cfc.r = evi(6fc,r) - evo(6fc,r) = evi(6fc,r) - evo(fefc^r) G TqX. 

By the assumption on the maps bk^r made in the statement of Proposition 5.2, 

|Cfc,r + Ck,r — Cfc+l,r| < C'jCfc.rj ' |Cfc,r| V/c G [". — 1], 

|S>n,r ~r S>n,r Sl,r| — '-' |sn,r | ' |sn,r | ; 

k=n 

=^ |Cl,r + ••• + Cn,r| < Cr^ |Cfc,r|, (5.4) 

k=l 
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for a sequence {er} converging to 0. On the other hand, by the proof of (3.25), 

''-'^'''' (5.5) 

<C{\Vk,r\^/P+\\ikA\vk,r,P,l) ^ \Pi;l{Vk,r)\; 

see (3) of the proof of Corollary 3.7 for notation. By (5.4) and (5.5), 

k=n k=n 

\Y1 Y^ {yi;i(.K,r)-Xi;l(.K,r)y\'^iK,r)pr,l(.Vk,r) < ^kY^ Yl \pi-A^k,r)\, (5.6) 

k=li£x{T(i<:)) k=li(z^{r(k)) 

for a sequence {e^} converging to 0. Since Vih'j.^ — ^T^ibk as r — >cxd, (5.6) implies the conclusion 
of Proposition 5.2. 

5.3 Proof of Proposition 5.3 

Let {X,uj,J), A, M, br, 

b= {M,I,'R;S,x,{j,y),u), Ui = Ubls,,,,, 

and T be as in the statement of Proposition 5.3. Let Th and bh for h£li be as in Subsection 2.2. 
For each /i G Ii and i^I^ , choose a subspace 

as in the previous subsection. If Ai = 0, denote by F J (6; i) the zero vector space. We define 
Ut{X; J) as at the beginning of Subsection 5.2. Let 

rf — >Ur{X;J) 

be the bundle of gluing parameters. For each b' GU-riX; J), let 

r°2\b') C F(S5,xX;A°;j7ri*T*Sfe,07r*rX) 

be the subspace obtained by extending all elements of r^'^{b';i) = r^'^{b;i) by zero outside of the 
component 'Sb',! of '^b'- 

The sequence [br] converges to [6]. Thus, with notation as in Subsection 4.2, for all r sufficiently 
large there exist 

b'j. G Ur{X] J), Vr = {b'r,Vr) € J^T , ^r;i G F(fr;i), and 

Cr;2 G F+(t;^) C F(ii„^.,og„^.g.2), where n„^.j = exp^^^^^^ji, 

such that 

Cr;l|E„^.^.« = 0, djUy^.^£{qy^.^XUy^.^}*f°/{br), br = expi;^^^^„g^^^,^^r;2 Vr, (5.7) 

lim br = b, lim \vr\ = 0, lim Ur;i\\vr;i,p,i = 0, lim Ur;2\\vr,p,i = 0. (5.8) 
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We note that just as in the first step of the gluing construction in Subsection 4.2, there is no 
obstruction to smoothing the internal bubble nodes of the bubble map b'^. subject to the second 
condition in (5.7), as long as h[. is sufhciently close to hr- For defining the spaces Tj^{vr) at the 
second step of the gluing construction, we take 

r_(6') = {ieT{h'):Dj^yi G {idxn,,}*f°;^(6')}. 

The proof of the existence of the elements v^, Cr;i) and ^r-,2 as above is similar to the proof of the 
surjectivity property for the gluing map in Lemma 4.4, but simpler. 

Since for each /iG/i the map u^^.^ is holomorphic on S^ (5) C S„^.-^ for (5€M+ sufficiently small, 
the estimates of Corollary 3.8 apply to each map u«^.i|s^ ^. Thus, we can define an obstruction 

bundle Tj [vr) for the second stage of the gluing construction in Subsection 4.2, with the estimates 
of Lemma 4.4 remaining valid. The claim of Proposition 5.3 is then obtained by the same argument 
as Corollary 4.6, with J, u^,, and Cj„ replaced by J, Uv^.^oqvr-ii;2i and ^r;2-, respectively. 

6 Proof of Theorem 2.3 

6.1 A Multi-Step Gluing Construction 

The first part of the last claim of Theorem 2.3 can be proved by showing that a fine version of 
the converse to the J = J case of Corollary 4.6 holds. More precisely, using the two-step gluing 
construction of Subsection 4.2 and the Inverse Function Theorem twice, we can construct an 
orientation-preserving diffeomorphism 

(/.: T^T^ -^ ^i,kiX, A; J) n Ut- 

Unfortunately, one of the families of the domain spaces involved in this construction does not extend 
continuously over .F^7^np^^(0) for a general bubble type T as in Theorem 2.3. As these domain 
spaces are needed to apply IFT over J^^Tg — J-^T^, the above map (p cannot extend continuously 
over J^^Ts, except for bubble types T such that either |x('^)| = 1 or x{'^) = I- In the first case, both 
families do extend continuously over T^T . In the second case, p(v) = v for all v G J-T and both 
families extend continuously over !F^T — {d}. On the other hand, as v — > both perturbations 
approach zero. This means that the corrections to be chosen in the domain spaces approach zero 
as well and thus extend continuously over T^Tf,. 

In this subsection, we describe a multi-step variation of the two-step gluing construction of Sub- 
section 4.2. In the next subsection, we will use IFT multiple times to construct an orientation- 
preserving diffeomorphism 

Some of the domain spaces involved will not extend continuously over T^T^. However, whenever 
a domain space cannot be extended to a point v* G J'^T^-, the corresponding perturbations will 
approach zero as a sequence of elements Vr G T^T^ approaches v* . For this reason, the above 
diffeomorphism </) extends to a continuous map 

(/>: T^Ti, — > M? fc(X, A\ J) n Ut- 
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This map can shown to be a bijection by the same argument as in Subsection 4.1 of [Z4]. 

The multi-step gluing construction described in this subsection is suitable for the purposes of Sub- 
section 4.3 and thus could have been described in Subsection 4.2 instead of the two-stage gluing 
construction. However, describing the former in Subsection 4.3 would have further obscured the 
proofs of Corollaries 4.5 and 4.6. As these two corollaries appear far more central, than Theorem 2.3, 
to applications in the Gromov-Witten theory and enumerative geometry, we have postponed de- 
scribing the multi-step gluing construction until the present section. 

If 6 = {Tii),ui)) is any genus-one bubble map such that u^js^.p is constant, let S^ C Sf, be the 
maximum connected union of the irreducible components of S5 such that S^.p C T,^ and Uh\j^o is 
constant. We put 

TB{b) = {^eT{^b;ulTX): ^1^0=0} and 

r^'(&;^) = {^er(Sb;A°;]r*Sfe0n^TX):7?|2o=o}. 

We denote by 

the restriction of the linearization Dj^b of the 5j-operator at b defined with respect to the connec- 
tion V^. Let 

r_ (6) = ker Dj^b and Tb- (b) = ker Dj^,. 

If b is J-holomorphic, let r_(6) C TB;^ib) be the subspace defined in Subsection 4.2; see (4.3) 
and (4.4). 

Suppose T=(M, /, H; J, A) is a bubble type as in Theorem 2.3, i.e. Ai = for all iGIq, where IqCI 
is the subset of minimal elements. We put 

/(T) = {heI:Ai = Oyi<h}, x^{T) = {h£i: h< Hot some iex{T)} C x°C^), 
{T)=max{\{hei:h<i}\:iex{r)}>l, %^ = xC^), I^r) = I - xi^) - x'iT) - h, 

where IiCl is as in Subsection 2.2. For each sG {0}U[(T) — 1], let 

s-l 

Is = {iex{r)ux~{T): \{hei: h<i}\=s}, i:=isu[j {itrixm). 

t=o 
In the case of Figure 5 on page 17, 

(T) = 2, Jo = {hi, /13}, Ti = {/i4, /is}, I2 = {/i2}- 

In general, the set T(^'j-) could be empty, but the sets Ig with s < (T) never are. 

If 6 is a bubble map of type T as in Subsection 2.2 and s€ [{T)], we put 

S['^= JSfe,, u U U^M ^^''• 
*exO(r)-x-(r) hei*_^i<h 
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With notation as in Subsection 2.2, let 



n= 0.F,(,)r^^/f (X;J). 



If sG[(r)] and /iGT*_i, let 



If in addition v= (6, v) £TT, let 

Ps;hi^) = {b, {Ph;ii^))t(^xh{r)) e Sh'^, where ph;i{v) = Y\.Vh' G C; 

h<h'<i 

Ps{v) = {b, {ps-h{^))hei:_,) e ^3^= ^dh'^- 

Note that p{v)£^T; see Subsection 2.2. 

As in Subsection 4.2, for each v = (b,v)£j-T we put 

vo = {b,Vi^,vo). 

Let V(^Q'j=v. If sG[(T)], let 

Vs = {b, {vh)heXs) and v^s) = {b, {vh)heXt,t>s)- 

The component v/q-) of "^ consists of snioothings at the nodes of S^ that do not lie between the 
principal component S^-h of S^ and the first-level effective bubbles and do not lie on Sb;^. These 
nodes will be smoothed out at the first step of the gluing construction, as specified by v/q-) ■ ^t the 
next step, we will smooth out the nodes indexed by the set Zij-^_i, according the tuple of gluing 
parameters vii\-i- As in Subsection 4.2, at the last step we will smooth out, if possible, the nodes 
that lie on the principal component S^.^ of Sf, according to vq. This step will be obstructed. 

- — '% 
Suppose V = {b, v) G J-T is a sufficiently small element. We will inductively construct approxi- 
mately J-holomorphic bubble maps 

bs{v) = (S„^^^,u„,5), V s = 0, ...,(T), 
J-holomorphic bubble maps 

bs{v) = (S„^^^,n„,^), V s = l,...,(r), 
and injective homomorphisms 

i?„,s : r_ (6) — >T (S„^^^ ; ul.,TX) and ^„,s : r_ (6) — >T (S^^^^ ; ul.,TX) , 
such that the following properties are satisfied. First, for all s£ [{T)], 
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where as before 



?w(3) : ^i)(s) > ^b 



is the basic gluing map of Subsection 2.2 in [Z4]. Second, for aU ^ G r_(6) 

^«,s?Uo = const, Rv,sC\yo = const, i?„,s^(S? . -,) = ^„,sC(S5 ) = ^(S|)); (6.1) 

c(6)-i|ieii,,p,i < ||i?„,,eL^^^,p,i, p.,seL^^^,p,i < c{bm\\b,p,i, (6.2) 

for some CG(7(^/r(^; J);M+). 

Remark: Similarly to Sections 3 and 4, above and below || • Hw, , p,i denotes the weighted Lj'-norms 
on the spaces 

Tb{^v^,^;uI,sTX) and Tb{T.^,^^^;uI,,TX) 

induced from the basic gluing map g^,, , as in Subsection 3.3 of [Z4]. Similarly, || • ||i;,^v,p denotes 
the weighted L^-norms on the spaces 

Fb (s.(,> ; A°;]r*s„^^> (^<,sTX) and Tb (s„^^^ ; A°;]r*s„^^^ mi^sTX) . 

We denote the corresponding completions by Tb{v(s))i ^3(1^(3))^ ^b (^(s);*^)! ^^^ ^b (.''-'{s)'^ J)- 
For sG{0}U[(T)], let T^{v(^g)) be the image of Rv,s- Similarly, if s£ [(T)], we denote by 

^B;-{v(s)) CTB{bs{v)) and t^{v(^s)),'^B;-{v{s)) C TB{bs{v)) 

the image of TB;-{b) under Rv,s, the image of Rv,s, the image of rB;-{b) under Rv,s, respectively; 
see (6.1). Let TB;+{v(^g^) and Tb-+{v(^s)) be the L^-orthogonal complements of Tb--{v(^s)) and 
r_B;-(^^(s)) in rB{v(^g)) and rB(f(s)). These spaces will satisfy 

c{br'm\v,,„p,i < ||^j,6{.<.>)eL^^^,p < cibmh^^^,^,^ v e e rB;+(t;(,)); (6.4) 
c{b)-'uK^,,,, < ||^j,^(„^^^)eL^^^,, < c^(&)iicii.(.),p,i V e g fB;+(t;(.)). (e.s) 

Furthermore, 



?i„,5 = exp„^_/„,s for some Cv,5 G rB;+(u(s)) s.t. \\Cv,s\\^ p^-^^ < C{b)\v\ 'P. (6.6) 



Finally, for (5g C(W7-(X; J);]R+) sufficiently small, all maps 

V — > bs{v), bs{v), Cv,s, Rv,(, Rv,c 

are smooth on J-^T^ and extend continuously over J-'Tg- 

We now describe the inductive construction referred to above. If t; G J^T is as above and b ■ 
{T.b,Ub), we put 

Uy,{r) =Uboqv^r)^ Rv,{T)^ = i°<lv^r) VCGr_(6). 
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The first bounds in (6.3) and (6.4) witli s = (T) iiold for tlie same reasons as tlie corresponding 
estimates in Lemma 3.1. Since tlie operator Dj^^ is surjective, by the first bound in (6.3) the 
operator 

^j,bm (v) ■^B;+ {v(T) ) -^ r^^ {v(^r) ; J) 

is an isomorphism. On the other hand, by the construction of the map q^ iq-\ in Subsection 2.2 
in [Z4], 

\\dju,,ir)\l^^^^,<C{b)\v\'l^. (6.7) 

Thus, by the Contraction Principle, if v is sufficiently small, there exists a unique small element 

C(r> G rB.+ (t;(r)) s.t. 9jexp„^_^^^C«^(r> =0. (6.8) 

Furthermore, by (6.7), 



\Uir)\l,,,,,,,<Cmv\ 



We thus define h(^q-^{v) by the first equation in (6.6). 

If sG[(T)- 1], let 

be the basic gluing map of Subsection 2.2 in [Z4] corresponding to the gluing parameter Vg. If 
bs+i{v) and Rv,s+i have been defined, we put 

The first bounds in (6.3) and (6.4) follow from the second estimates in (6.2) and (6.3) and from (6.5), 
with s replaced by s + 1. On the other hand, by the inductive construction and (6.6), 



Uv,s+1 = exp ^Cv,s+l 

(s + l) 

for some Cv,s+i (^Tb{T.^^^^,^;uI^^^^^TX) s.t. ||Ct,,s+i||„^^^^^^p^i < C(fe)|t;|^/P, 
where 

Thus, if 5 is sufficiently small, the estimate in (2b) of Corollary 3.8 implies 



(6.9) 



It follows that 



d<,+iU- ^A^<C{h)5^'^\ps;h{v)\ yhei:, where (6.10) 



iVpU ,,c,,^I ^ r'('/,^u,iVp 



||5jt/„,,||„^^ < C{b)\v\''P\ps+i{v)\ < C{b)\v\'^P. (6.11) 

Thus, similarly to the s = (T) case above, if v is sufficiently small, there exists a unique small 
element 

Ct,,5 G rB;+(f(s)) S.t. 5jexp„^_^Ci;,s = 0. (6.12) 

Furthermore, by (6.11), 

Il^"^'* \\Vs,p,l — V /I I 
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We again define bs{v) by the first equation in (6.6). 
If sG [{T)] and bs{v) has been defined via (6.6), we put 

where H^^ ^ is the parallel transport along the geodesies 

r — > e^p^^jCv,s, T G [0, 1]. 

The bounds on Rv,sS, in (6.1)-(6.3) and the estimate (6.4), along with (6.6), imply the bounds on 
Rv,sS, in (6.1)-(6.3) and the estimate (6.5). 

At the final step of this inductive construction, we put 

where 

is the modified basic gluing map constructed in Subsection 4.2 as qvo;2- Iii order to construct this 
map in this case, we need to replace 5k G K+ with 5 £ C°°{Ur{X; J), which we view as a function 

action map 

uP{x-j) ^uP{x-j). 



on Uj- {X; J) via the quotient projection map 

(0)^V. 1\ .7/(0)/ 



The homomorphism Rvfl satisfies the required properties. Let r+(t;)cr(t;) be the L^-orthogonal 
complement of r_(t;). 

For each /i G / and 5 G M+ , let 

^b,hi^) = {{h,z)e^b,h = {h}xS^: |z|> 5-1/2/2}, 
n,hi^) = ^b,h-A-,{6)- [JA+,,{6), 

We define the homomorphism 

R,:T^_:\b-J)-^T''^\v-J) 

similarly to Subsection 4.2, but with two changes. First, we replace the number 5k with the 
function 5^C'^{Ut{X] J)]M.'^). Second, we cut-off R^rj over the annuli 

i+,(45(6)) - i+,(5(6)) 

with i G xi"^)-, instead of /i G /i; see Subsection 2.2 in [Z3] for a version of this construction. 
Let Pj (f; J) be the image of R^. We note that due to (6.9), the estimates in (3) and (6) of 
Lemma 4.4 remain valid. Of course, in this case J = J and Ck G I^^ should be replaced by an 
M'^'-valued continuous function on hlq-{X;J). We summarize the key results of this construction 
below. 
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Lemma 6.1 Suppose (X, a;, J) is a compact almost Kahler m,anifold, A G H2{X;Z), and J is a 

genus-zero A-regular alm,ost complex structure. If T = {M,I,'ii;j,A) is a bubble type such that 

"^i^fAi = A and Ai = for all minimal elements i of I, there exist 5,C £ C{Uq-{X; J);M'^) and an 

open neighborhood Uj- ofUq-{X;J) in Xi^MiX,A) such that 

- — -0 

(1) bs{v), bs{v), Rv,s, and Ry^g as above are defined for all v(^TTg; 

(2) for every [b]£X\ j^{X,A) n Uk, there exist v={b,v) ^TT^ and Ci;,o£r+(t;) such that 

||Ci;,olk,p,i < Ki>) and [^y^Vbo(v)C,vfl] = ^■ 

Furthermore, such a pair (u,Cw,o) is unique up to the Aut{T)cc{S^)^ -action; 

(3) for allv = {b,v)erfs, 

\\djUy,o\\v,p < Cib)\p{v)l ||^j,6oH^lk,P < Cib){\v\'/P + \v\'^)U\\v,p,i V^Gr_(z;), 

and C(6)-i||^||„,p,i<||Z)j,5„H^lk,P<C(6)||^||„,p,i VeGr+(i;); 

(4) for allv = {b,v)erf], ieT{v), and 7]€r^_l\b; J), 



(5) for allv = {b,v)eJ'Ts, se[{T)], and hel^^^, 

Vhbs{v)- Y,Vj^iPh;i{v)\ <C{b)\v\'/P\ps;h{^)[, 

(6) for all v = (b,v)£j^Tg and rj&T^ {b',J), 
[djUy,o,Ryv)) + 2vri E(^^/^^(^)'^-M.)W>6| ^ C{b){\v\'/P + \v\^P-^yP)\p{v)\ • M. 

(7) all maps 

V — > bs{v), bs{v), Cv,s, Rv,s, Rv,s 

are smooth on TT ^ and extend continuously over TTs- 

Due to (6.9), (5) is proved by the same argument as the r = 1 case of the expansion (2a) in 
Lemma 3.5. Part (2) of Lemma 6.1 holds for the same reason as part (2) of Lemma 4.4. Regarding 
part (7) of Lemma 6.1, it is immediate from the inductive construction that each of the maps 

V — > bsiv), bs{v), Ry^s, Rv,s 

is smooth on J^T^ and extends continuously over J^Ts, provided this is the case for all the objects 
defined at the preceding steps of the construction. Under these circumstances the map v — > Cv,s 
is also smooth, by the smooth dependence of the solutions of (6.8) and (6.12) on the parameters. 
It extends continuously over J-'Ts by the same argument as in Subsection 4.1 in [Z4]. 
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The estimate in (4) of Lemma 6.1 is an improvement on (7) of Lemma 4.4 and is proved by a 
similar argument. In this case, the support of Dj^RyT] is contained in the union of the annuli 

Khi^(^^)^ /iGX-(T)Ux(T); i-j5(6)), hex-{T)iJx{r); 

KAm), hex~ir); i;,(4<5(6))-i^,(<5(6)), hGxir). 

Similarly to the proof of (7) of Lemma 4.4, 

\D*j,vRvr]\g^^^ < Cx\du^,o\g^Jr]\g^^^ (6.13) 

for every point z of any of the annuli of the first three types above. Thus, the estimate (4.14) still 
applies to the annuli of the first type with h£li. By definition of the metric g^, 

\vL,.<Cib)M. llv,, V zGi+,(5(6)), h€x-{T)Uxiry, (6.14) 

h'ei,h'<h 

\vL,.<Cib)M. llv^, y zet:j6{b)), h€x-{n, (6.15) 

h'ei,h'<h 

\v\a.,.<Cib)M-\wh\-' l[vh' y zeA^j^{45ib)), hex-{T)Uxir), (6.16) 

h'ei,h'<h 

where Wh is the coordinate on ^^^(45(6)) defined similarly to Wi in (2) of the proof of Lemma 3.5. 
On the other hand, by (6.10) and the assumption (a) of Definition 1.4, 

||C.,sls._^(o)L^^^,p,i < C{b)\ps.Mv)\ V hei:_„ i>h- (6.17) 

the above assumption implies that the operators D^j^ ,. defined in Subsection 6.3 below are sur- 
jective. Note that by the inductive construction, 

Ci',sls*^(o) = y hel*_i, i<h. 
Combining this observation with (6.17), we find that 

llCwilf'* m^ll T "^ C(b)\ps-hiv)\ y hel, 

where Cw,! is as in (6.9). Thus, 

IM^-,oU+ j5(6))L,p,i < c{h) ^vy, y he x-{r)ux{T) - h; (6.18) 

A'ex-(r)ux(r),/i'>/i 

ll^^-,olE*j5(6))L,p,i<C(fo) n ^^' ^ /iGX-CT); (6.19) 

^'ex-(r)ux(r),/i'>/i 

¥^vfl\A-^mb))\l,p,i<c{b) \[ vh' y hex-muxiT). (6.20) 

h'ex-(T)Ux(T),h'>h 

Combining (6. 13)-(6. 16), (6.18)-(6.20), and Holder's inequality, we findthat the L^-normof -D}^i?t,r], 
with respect to the metric g^, on each of the annuli above is bounded by C(6)|/9(t;)|||77||. Finally, 
analogously to (4.12), 

\Dl,Rvv\g^,, < C{b){l + \du,,o\gJ\v\9.^. V zeA-,{45{b))-A-,{S{b)), hexiT). 

Thus, by (6.16) and (6.20) the L^'^-norm oi Dj ^RyT] on such annuli is also bounded by C(6)|p(f )|||r/||. 

Remark: The exponent 1/2 in (4) of Lemma 6.1 is due to the exponent (p— l)/p in (4.14). 
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6.2 Construction of Diffeomorphism 

— -0 
We continue with the notation of the previous subsection. For each v = {b,v)^TT ^, we define the 

homomorphism 

7r°:i: r°'^(t>; J) — >T^^^{h;J) by tt^'.^t? = ^(77,i?„r/^)r/r G r°:^(6; J), 



where {?/r} is an orthonormal basis for Fj (6; J) as in (5) of the proof of Corollary 4.5. We denote 
the kernel of 7r^!_ by F_j! {v;J). By Lemma 6.1, 

is an open neighborhood of ^^-(X; J) in Xi^m{X,A). Thus, we need to solve the equation 

/5,exr, r-n ^ f<-(5,^.,o + I?j,5„(.)C + iV.,oC)=OGF°:\6;J), 
[ojnt,,o + £'j,feo(i;)C + ^^v,oC = G F_f! (t;;J), 

- — -0 
where iV„,o is the quadratic term satisfying (4.25), for v = {b,v) G J''^s ^^^ C ^ r+(f) such that 

||CI|t;,p,i <'<5(fe)- By the proof of (1) of Corollary 4.6, there exist 6,C e {Ur{X; J);M+) such that 

5<5 and every solution (f,C) of (6.21) 

\v\<~5{h), m\v,v,i<m =^ ||C||„,p,i<C(6)Xt;)|. (6.22) 

On the other hand, by (4) and (6) of Lemma 6.1 and (4.25), 

7r°'^6o(f,C) = <i(9jn„,o + ^j,feo{t.)C+A^«,oC) = Pr(f ) + e(f ,C), (6.23) 

where Vq- is as defined in Subsection 2.2 and 

||e(^.,C)|| < C(6)((|^;|l/^ + |^;|(^-2)/^ + ||C||.,p,l) • {\p{v)\ + mWi) (6.24) 

if CGr(t>), ||C||.,p,i<<5(6). 

We will first solve the top equation in (6.21) for b' = noiv, C) and then use the Contraction Principle 
to show that the resulting bottom equation has a unique solution in ( for each v^J^^T^. 

For each sG [(T) + l] and /iG/i, let 

^/g)(X;J) = M/^i({(0,r,).6/,G(CxM)^'^: r, = ^ ViG/-x(r), 

■1 s 1 

r,: G I - - 



.2 4((r) + l)'2 + 4((r) + l)) ^'^^''('^)}5 
see the end of Subsection 2.1. We put 

U!^\X;J) = {{bo,{bh)heh)^l^To{X;J)xllu!^^{X;J): 

heh 

evo(6;,) = ev,,(6o) V/iG/i} cVl!f\X; J); 
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see Subsection 2.2 for notation. 
For each s£[{T)] and h£l*_^, let 

vrs;/i : F^h'^\jjis+i)^^,j^ — > Ul^^^' {X; J) and js;h — > F^h'^\^(s+i)^^,j^ 
be the natural projection map and the tautological line bundle. With 

we define 

as-h G ^{^dh'^\^(s+i)^^,jyj*.h(S)Vs-h) by 

iexh(T) 

We denote by 

TTs : P.r = J] (P^, vr,.^) -^ U!^+^^ {X; J) 

the fiber product of the bundles ^^hX over U^ (^j J)- Let 

Fs = 7r*evpTX — > P^T and 7^ = ^ K;hls;h-, 

where ng-h- ^sT — ^^-ShT is the natural projection map. We denote by 

the section induced by the sections 7f*.^as;/i with s£l*_i. Similarly, let 

TTo: PoT = P^|^(i)(^.^) -^ K?{X; J) and Vq = 7:*o{rpE*0ev*pTX) -^ PqT. 

Let 7o — >Po'^ be the tautological line bundle. We define aoGr(PoT;7Q(giVo) by 

{ao(6, (fj)ig;^(6))}(6,V') = -2vri ^ Pj,i(6, V'xh(,){b)^^j) G ^evpCfe)-'^ 

iGxCr) 

if (6, (vj)jg^(b)) G 70, (ft, V') G lE^p(b)- 



Let 



V.:f_(.)^ IJf-W ^Z:/f(X;J) 



be the smooth map induced from the maps f of the remark following Lemma 3.3 via the decom- 
position (2.11). In particular, 

S^(fe.5)=S6 and evp(99(6;0) =evp(6) V 6g^^^^^^(X; J), eGf_(6). 
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Thus, the fibers of the vector bundles 

rf, 7f|>E*, ev^TX, Sr, and ^ for /iGX;_i, sG[Cr)], 

at h and at 99(6,^) are canonically isomorphic. If .^Gr_(6) is sufficiently small, 

v=(h,v)^rf^ and i;' = (c^(fe,0, w) G .FT^ 

are corresponding elements of the fibers of TT at h and at 99(6, ^), let C^',o(?) £ ^(t;) be given by 

exp„^_(,C«,o(0 = ^w',0 and ||u„,o||co < O- 

We identify r+(f ) and F^ (v\ J) with r4.(t;') and F^ (u'; J) by composing the V -parallel trans- 
ports 

r+(t>) -^ r(t;') and r*);\t;; J) -^ rO'i(t;'; J) 

along the geodesies corresponding to Cw,o(?) with L^-projection maps 

T{v') -^ T+{v') and V'^^^iv'; J) -^ V'fiv'- J) 
corresponding to the metric g^ = g^i on S„ . 

For each sG{0}U[(T)], the map (p induces a smooth map 

Similarly to the previous paragraph, the fibers of vector bundles 

7r*J^T, 7s, and Vs 

at h and (psib,0 are canonically isomorphic, if (6,^) G &s is sufficiently small. By the regularity 
assumptions (a) and (b-i) of Definition 1.4, the differential 

of as, defined via the above isomorphisms, is surjective. Let (5g be the L^-orthogonal complement 
of ker V Os in ©s- By the surjectivity of V as, the Contraction Principle, the precompactness of 
the fibers of 

TTOTT,,: FsT — > u!f^'^\X; J) — > Ur{X- J), 

there exists e, C &C{Ut{X; J);M.'^) with the following property. If b&Uq-{X; J) and 

KGF(PsrL-i(5);7:0V;) 
is a smooth section such that 

||V^k(6)|| < e(6) VfeGPsT 



a. 



7r-i{6)' 

then for every b* GPsT| -i(f^)r-.i/!>)(x- j) ^^^ equation 
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has a unique solution ^nib*). Furthermore, 

1(6) 



^^(fc*)! <2C(6) max {11^(6)11, ||V^k(6)|| : & G P,r|^_i }; 



see Subsection 3.6 in [Z4], for example. 

We are now ready to return to the gluing construction of the previous subsection. For every element 
v= {b,v) oiTTg, let 

H{r)+i{v) =bG ilP{X; J) and /i(r>+iM = (M(r)+iM,^) G ^'^s- 

— '% 
Suppose s G [{T)] and for all t G [{T)] such that t > s and v G TT^\ u),^, ,^ as above we have 

constructed 

^it{v) G li)j-'{X; J) and jlt{v) = {^it{v),v) G FT^ 

such that 



^h&t(AtM) = {at;h{^)]{pt;h{^)) V /i G T;_i and (6.25) 

^t (u) = ;Ut+i ((^ (6, ^„,t) , f ) for some C„,t G f_ (6) 



(6.26) 



. . - — -0 

where [ptiv)] GP^T denotes the image of pt{v) G^^fT under the projection map ^t^ — *^tT and 

^ Cu,t is the covariant derivative of ^^^t along the directions in r_(6) as before. 
By (5) of Lemma 6.1, its proof, and (6.26), 

Vhbs{ps+iiv)) = {as;h{b) + es;h{v)}{PsA^)) V /i G j;_i, (6.27) 

where Es-^h^T^vpib)^ satisfies 

|e,;^(t;)|, |V%^t>)| < Cib)\v\'/P. (6.28) 

The estimate (6.27) can be restated as 

{Vhbs{fls+i{v))) ^^^,_^ = {as{[ps{v)])+es{v)}{ps{v)), 

where £siv) ^lt'^Vs\[ps{v)] satisfies the analogue of (6.28). Thus, by the previous paragraph, (6.27), 
and (6.28), there exists a unique small element ^„^sGr_(6) such that 

{[Ps{v)],^v,s) G ^i\[p4v)] ^"<^ 

'Dhbs{lls+i{(p{b,e.v,s),v)) = {as;h{b)}{ps-h{v)) V h G J*_i. 

Furthermore, S^y^s satisfies the first estimate in (6.26), with t = s, for some C £C{Ut{X;J);M.'^). 
The second estimate is obtained by differentiating (6.27). Thus, we take 

fls{v) = fls+l{^{b,Cu,s),v). 
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Suppose we have defined iJ,siv) for all s£[{T)]. By (6.23), (6.24), their proof, and (6.26), 



0,1 



7r_ 



bo{Mv)X) = {aoib)+eoiv,C)}{p{v)), (6.29) 



where eo('y5 C) £7o'2^^o|[p(i;)] satisfies 

||eo(t^,C)||,||V^eo(^^,C)|| < Cib){\v\'/P + \v\(P-^yP + \\C\Up,,) ■ {l + \piyr'\\C\Uv),p,i) (6.30) 

if CGr(/ii(t;)), \\C\U^),p,i<6ib). 

Thus, for every 

v={b,v)e:F%^ and CGr+(/xi(t;)) s.t. ||ClU,(„),p,i < 2C'(6)|p(t;)|, 

the equation 

7T'h\{pMb,C),v),C) = {ao{b)}{p{v))^0 

has a unique small solution ,^„^o(C) £r_(6) such that 

([p(^)],e.,o(c))G<|[^(„)], 

provided that 

C{b){\v\'^/P + \v\'^P-^yp + C{b)\p{v)\) • (1 + 2(5(6)) < C{b)e{b). (6.31) 

Furthermore, this solution satisfies 

|e.,o(C)| < C(6)(|t;|i/P + |t;|(^'2)/p) . (i + |p(^)|-i||^||_^^^^_^_^). (6.32) 

We put 

Po(.v,C) = Pi{'p{b,^v,o{0)^v) and jlo^v , () = {po{v , C) , v) ■ 
Let ^o('y) = Ato(^^,0) and fio{v,0) = flo{v,0). 

For every t;= (6, w ) in JF^T® sufficiently small, we define the map 

*„: {CGr+(Ao(t^)): ||CIUoH,P,i<2C'(6)|/9(t;)|} ^r°/(/io(^^); J) by 

Let 

7^+„:r+(/io(^^))^rf(/io(t;);J) 

be the derivative of ^„ at C = and let iYJ'^C^r^ (/io(^^); J) be given by 

*„(C) = ^„(o) + i?+„c + ivJ:„C. 

By the construction of ^„, (3) of Lemma 6.1, (4.25), and (6.32) 

ll^«(0)IUo(„),p,i<2C(6)|/>(t;)|, (6.33) 

{2C{b)y'\\C\U^),p,i < \\DJ^MUv),p < 2C(6)||CIUo(.),p,i VCGr+(^o(f)), (6.34) 

II^J:.C-iVtC'||^„((„),p < 2C(6)(||CIUo(„),,,i + ||C'IUoM,P,i)IIC-C'IUoH,P,i VC,C'GDom^„, (6.35) 
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provided that v is sufficiently small. Since tfie index of Dj^ is zero, if C G C{Ur{X;J);W^) is 

n 



sufficiently large and v^J-^T^ is sufficiently small, by (6.33)-(6.35) and the Contraction Principle, 



the equation 

has a unique solution (^„^o£r+(Ao(^))- 

If 6gC{Ut{X; J);]R+) is sufficiently small, we define the map 

0: ^17:0 -^ mlMiX,A; J) by <t>{v) = [exp,„(^„(„,^^_„))C.,o] • (6.36) 

By construction, the map (j) is Aut(T) oc (S'^)^-invariant and smooth, and thus descends to a 
smooth map 

By an argument analogous to that in Subsection 4.2 of [Z4], the map (j) is an immersion into 
^ j^{X,A), if 6 is sufficiently small. By the proof of Corollary 4.6 and the construction of 
the map cp, the image of (p contains T]^ j^^{X,A; J) n Ut for a neighborhood Ut of UriX^J) 
in Xi^m{X,A). Thus, the map 

</.: T^T-^ -^ Tti^M{X,A-J) n Ur 

is a diffeomorphism. It can be seen to be orientation-preserving by an argument similar to that of 
Subsection 3.9 in [Z4]. 

6.3 Extension to Homeomorphism 

In the rest of this section, we show that the map (f) extends continuously over T^Ti- This will be 
achieved by combining the approach of Subsections 3.9 and 4.1 in [Z4] with the conditions (6.25) 
and (6.29) on the corrections ^s(f) to the maps 6s (f). 

For every beUfj^\X; J), sG [(T)], and h€i;_^, let 

S^ = JS,,, C S5, r°'i(6; J) = {r,Gr°/(6; J): r,|^^_2.=0}, 

h<i 

rfc(6) = {eGrB(6):^ls,_E^=0}, and f^;_(6) = r;,(6) n f_(6). 
We note that by (a) of Definition 1.3, the operator 

induced by Djb is surjective. By the regularity assumptions (a) and (b-i) of Definition 1.4, the 
differential 

b€U^\X;J) 

of as-h is surjective. We denote by 6^^ be the L^-orthogonal complement of kerV'^as-h in ^s;h- If 
Wh£PdhX\b and w£FsT\b, let 

rh-Ab;wh) = {^eth;~{b): {wh,0^^th} and t.{b;w) = {^er^{b): (w;,e)G(S^}. 
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We note that 

t^{b;w)= ^rh--{b;wh) if w = {wh)heJ'^_^- (6.37) 

If f = (b, v) G J^T and s and h are as above, let 

Il^(v) = {h€ls-i:psA^)=0} and S^^^^^ = q-lJ^^). 

We note that S^ is a union of components of S„, , . 

The multi-step gluing construction of Subsection 6.1 extends continuously over J-Ts- This extension 
is formally described in exactly the same way as the construction itself; see Subsection 3.9 in [Z4] for 
a description of the continuous extension for a similar gluing construction and Subsection 4.1 in [Z4] 
for a proof of its continuity. Using the notation of Subsection 6.1, we now make an observation 
regarding this extension. For each s£ [{T)] and h£2*_^, let 

r°'^H>;^) = {^er^^H>;^): ^Ie„^^^-es^^^ =o}. 

By the surjectivity of the operators -Dj^, with h(zl*_i, for all h(^I*_-^ the operators 

induced by Dji,^(^^^ are surjective, provided v is sufficiently small. Since djUv,s vanishes on S^ 
for all h£l^_i{v) and C^',s is the unique small solution of (6.12), it follows that 

C^.sls. =0 yh€lti{v). (6.38) 



We next extend the construction of perturbations ^^ s for v £ J^T^\ (s), . in Subsection 6.2 to 
J^Ts\,,(s),^ ,. Suppose sG [(T)] and for all t£ [(T)] such that t>s and for all elements v = (b,v) 
in TTsl-jAt).^ J. we have constructed 

lit{v) €U!^'{X;J) and fit{v) = {^it{v),v) G FTs 
such that 

Vhbt{h{v)) = {at;h{b)]{ph{v)) yhGlU and (6.39) 

IJ-tiv) = ^t+i {^{b, £,v,t) , v) for some ^„,t G ^ f/,._ (6; [pfe(t;)) 

hGi;_i-J^i(«) (6.40) 

s.t. |?„,t|,|V%i|<C(fe)|t>|^/P. 

We note that Vhbt{Jxt{v)) = for any h G Xi°_i(t;) and ^j(t;) G u!f\X;J). Thus, (6.39) is a 
nontrivial condition only for h€zI^_i—Z^_^{v). In particular, if X^_;^(i;) =I*_^, for the inductive 
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step in the construction of the previous subsection we simply take S^y^s = 0. On the other hand, 
if Ig_i{v) 7^X*_]^, the inductive step is nearly the same as the before. The only difference is that 
instead of working with the section 

as = {as;h}hei*_-^ 
over PgT, we work with the section {as-h}hGX* -i" (v) o'^^^ the fiber product of the bundles 

' s — 1 s— 1 \ ' 

We note that in this case the orthogonal complement of the kernel of 
is given by (6.37) with Ig_i replaced by Z*_^—I^_i{v). In summary, 

is the unique small solution to the system of equations 

as;h{'Pib^Cv,s),Wh) +£s;h{'Pib,Cv,s),v) = Ug-hib, Wh) , h ^ T*_^-l'^_^{v) . 

The final, s = 0, step splits into two cases as well. If p{v) = 0, then we take 

Cvfi = and ^„,o = Cu,o{Cv,o) = 0. 
Otherwise, the argument of the previous subsection still applies. 

We will show that the above extension of the construction described in Subsection 6.2 is continuous 
at every step. First, note that by definition, for every s£ [(T) — 1] and /i€X*_]^nx ('?'), 

Ps;hi'^) = {vh'Ps+i;h'iv))^^^^^ V v= {b, M-^^^j) G J'T . (6.41) 

In this case, by the proof of Lemma 3.5, 

Vhbsiv) = Y.'^h'Vh'bs+iiv) + Y, ^hA^)phA^) V v = {b,v) G rfl, (6.42) 

i-h'=h i&Xh{T) 

where e/j;j(u) GTcy^(-j)X is given by the right-hand side of (3.15), with 

and with 5k replaced by a function 5 = 5{b). Since d'^ A^ {5{b)) (ZT,^ for all i^zXhC^), it follows 
that 



k/i-j('y)h |V eh-iiv)\ < Cib)(\\Cv s\yh 11 i+l|V Cv s\yh 11 ,) 

V v^{b,v)erfl hei:_,nx-{T), iexhir). 
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Let £s;h = £s;hi'ij) be the bundle map as in (6.27). Combining the last estimate with (6.42), (6.41), 
and (6.25) with t = s + l, we find that 



s;h{v)\, |V%/,(t;)| < C(6)(||C„,.|eS, ^ L,p,i + ll^^^-'^ls!5, , \\v,p,i) (6-43) 



— -0, 



We note that if /i€T*_]^ — x ('?'), (6.43) follows immediately from (6.25) with t = s+l. 

We next observe that by the proof of the estimate in (6) of Lemma 4.4, 

vr°f_5jn„,o= ^{-2mvhVhbi{v)+eh{v)+eh{v)) ^ v={b,v) erf]. (6.44) 

/ie(xmux-(r))n/i 

The error term eh{v) is described by the left-hand side of (4.20). This term and its V -derivative 
are bounded by the last expression in (4.23). The other term is given by 

Ehiv) = Vh(2TTx'Dhbi{v) - (t 4;i; — ^), where 

Cb;v' ^J(^),/i('^(^)) ^ T^vp(b)X^ 'SWcvp{b)(b;v = Uv,l, \\Cb;v\\co < O; 

see the proof of (6) of Lemma 4.4. Applying the approach of Lemma 3.3 and Cauchy's formula, 
we find that 

eh{v) = vhi (l'.,i-id)4,i^, (6.45) 

where 

^«,iL=o = id' \\^v,i-'A\vuP,i<C{b)\\du.,,i\^- _j5(fe))L^,p,i<C(6)|p/,(t;)|, (6.46) 

\KiL<C{b)\wh\\~Ph{v% (6.47) 

by (2b) and the first estimate in (2c) of Corollary 3.8. By (6.45)-(6.47) and Holder's inequality 



£h{v)\ < cib)\vh\\ph{v)\ / \^^,i{\vh\y6ib),e)-id\ de 



2-K 


,2-K ,\vn\''im 

<C(b)\pn{v)\ \ / \d^^X,^dTde 

Jg Jo ' ^^ (6.48) 

<C(6)|p(^;)|p„,l-id|l_,f / k,r^^~ 



^.^i>.^(KP/5(b)) 



< C{bMv)\U{v)\ • |^,|"^ < C{bMvf-l^\p{v)\. 



Let eQ = eo{v,() be the bundle map as in (6.29). Combining the last estimate with (6.42), (6.44), 
(6.25) with t = l, and (4) of Lemma 6.1 we find that 

|eo(t',C)|, |V^eo(t^,C)| < CibMv)\"-ir (6.49) 

V v^ib,v) G ^;|^a)(^.^), CGr(t>) s.t. ||C||.,p,i < CibMv)\. 
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The same holds for the derivatives of eo(^^) C) and V eo(f , C) with respect to (. 

Suppose sG [('?')] and for every tG [('?')] such that t> s the bundle map 

J^'^S — >f_(-), V — >Cu,t, 

and its V -derivative are continuous over Uj- {X; J). We will show that this must also be the case 
for t = s. Since the maps 

^'^5 — > [JrB;+(f(5)), V — >Cv,s, and 

•^'?'<5 1^(^+1) (^. J) — > ^"^s, V — > fls+i{v), 

are continuous, so are the maps 

^ 0, 

for all h£T*_i. Suppose Vr = {hr,Vr) is a sequence of elements in TT^\ {s),^^,-. such that 
hm br = b' e u!^^ {X; J) and lim Vr = v' = (6', v') G TTs- 

r — >oo r — >c» 

Let 

i'v',s = {C',s;h)h&Ji 1 = lim iv,,s G t_{h';w) = ^th--{b;wh)- 
We recall that 

ivr,s^{ivr,s;h)hell_, ^ ^-{i>r] [ps{Vr)\) = ^h--{h] [ps;h{Vr)]) 

is the unique small solution to the system of equations 

as;h{^{b,£.Vr,s),[Ps;h{'^r)]) + £s;h{^{b, Cur,s), Vr) = as.h{b,[Ps;h{Vr)]) , /iGX*_i. 

Thus, ^[,/ g£T^{b';w) is the unique small solution to the system of equations 

Since 

by (6.43) and (6.38), ^[,/ ^.^ = for all h£Z^_-^^{v') and ^[,, g = ^v',s, as needed. 
We finally show that the map 

V — > bo{v) = (S„; expfep(^p(„ (.^_g))Ct,,o) (6.50) 
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is continuous over T^Tf . First, the map 



of (6.23) is continuous. Since so is the map v — >Cw,i) the map 

U{CGr+(t;):||C||.,p,i<C'(6)|p(t>)|}^7o»^o, {v.Q ^ e^{v,0, 

v&rfs,p(v)i^Q 

is also continuous. It then follows immediately from the construction that the maps 

{v, C) — ' ivfliC) and V — > Cvfi 



are^ontinuous over F^^T^—p ^(0). On the other hand, suppose Vj. = {b^, Vj.) is a sequence of elements 
ich that 

lim br = b' e UP{X;J), lim Vr = v' = {b',v') G ^^Tg, and p{v') = 0. 



in J^^T^ such that 



Let 



w= lim [p{vr)] e F^T\ and C' o = 1™ ^«„o(C«„o) G f _(6';u;). 

Since p{vr) — >0, (6.49) implies that ^[,, Q£T^{b';w) is the unique small solution of 

ao{^{b',C'v',o),w) =0 = ao{b',w). 
Thus, C'v' o = = S,v',o- Furthermore, by (6.22) 

lim Cvr,o = = C«/,o- 

r >oo 

It follows that the map (6.50) is continuous. 
We have thus constructed a continuous map 

(/)-. J^^Ts -^ TllMiX, A; J) n Ut, 

where Uj- is a neighborhood oi Uq--i{X;J) in Xi^m{X,A). By the same argument as in Subsec- 
tions 4.2 and 4.5, this map is injective if 5 G C{Uq-iX;J);M.'^) and surjective if Uj- is sufficiently 
small. Since the space Tlij^{X,A] J) is Hausdorff and (p\ur(X;.j) is the identity map, it follows 
that (j) is a. homeomorphism for 5 sufficiently small. 
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